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ABSTRACT
Classical Cepheid variable stars (from hereon: Cepheids) are high-sensitivity probes of stellar evolution and funda-
mental tracers of cosmic distances. While rotational mixing significantly affects the evolution of Cepheid progenitors
(intermediate-mass stars), the impact of the resulting changes in stellar structure and composition on Cepheids on their
pulsational properties is hitherto unknown.
Here we present the first detailed pulsational instability analysis of stellar evolution models that include the effects
of rotation, for both fundamental mode and first overtone pulsation. We employ Geneva evolution models spanning a
three-dimensional grid in mass (1.7−15 M), metallicity (Z = 0.014, 0.006, 0.002), and rotation (non-rotating, average &
fast rotation). We determine (1) hot and cool instability strip (IS) boundaries taking into account the coupling between
convection and pulsation, (2) pulsation periods, and (3) rates of period change. We investigate relations between period
and (a) luminosity, (b) age, (c) radius, (d) temperature, (e) rate of period change, (f) mass, (g) the flux-weighted
gravity-luminosity relation (FWGLR). We confront all predictions aside from those for age with observations, finding
generally excellent agreement.
We tabulate period-luminosity relations (PLRs) for several photometric pass-bands and investigate how the finite IS
width, different IS crossings, metallicity, and rotation affect PLRs. We show that a Wesenheit index based on H, V, and
I photometry is expected to have the smallest intrinsic PLR dispersion. We confirm that rotation resolves the Cepheid
mass discrepancy. Period-age relations depend significantly on rotation, with rotation leading to older Cepheids, offering
a straightforward explanation for evolved stars in binary systems that cannot be matched by conventional isochrones
assuming a single age. We further show that Cepheids obey a tight FWGLR.
Rotation is a fundamental property of stars that has important implications for the study of intermediate-mass stars,
intermediate-age clusters, and classical Cepheid variable stars.
Key words. Stars: variables: Cepheids – supergiants – Stars: oscillations – Stars: evolution – Stars: rotation – distance
scale
1. Introduction
Classical Cepheid variable stars (from hereon: Cepheids)
are crucial objects for stellar astrophysics and the extra-
galactic distance scale. They are evolved intermediate-mass
stars (Mini ∼ 3−12 M) that occupy a well-defined region in
the Hertzsprung-Russell diagram (HRD) called the classical
instability strip (IS). While their progenitor (B-type) stars
exhibit fast Main Sequence (MS) rotation (Huang et al.
2010), Cepheids have very expanded envelopes with radii
between approx. 20 − 200 R, i.e., their surface rotation is
low (a typical v sin i is around 10 km s−1). The observed low
surface rotation leads to the common misconception that
rotation be relatively unimportant for Cepheids. On the
contrary, rotation significantly affects the entire evolution-
ary path of a star (Maeder & Meynet 2000; Maeder 2009;
Ekstro¨m et al. 2012; Georgy et al. 2013), with consequences
that manifest themselves particularly clearly in the later
stages of stellar evolution (Anderson et al. 2014).
Cepheids famously obey a tight statistical relation be-
tween their pulsation period and luminosity (Leavitt 1908;
Leavitt & Pickering 1912), rendering them the most precise
standard candles available for calibrating Supernova-based
direct measurements of the local Hubble constant (e.g. Riess
et al. 1998; Freedman et al. 2001; Riess et al. 2011). This
period-luminosity relation (PLR) has been the focus of in-
tense research and it is now understood that moving to near
IR wavelengths and/or using Wesenheit relations (Madore
1982) has the benefit of reducing observed PLR scatter due
to interstellar extinction as well as the intrinsic width of
the IS. In Anderson et al. (2014), we argued that rotation
may lead to some level of dispersion in the PLR. However,
this contribution had thus far not been quantified due to
the unavailability of pulsation periods determined based on
models with rotation.
Cepheids are excellent targets for testing the effect of
rotation on intermediate-mass stars in general. Their lo-
cation on blue loops in the Hertzsprung-Russell diagram
(HRD) avoids the typical confusions of placing red giants
on isochrones and means that any change in model in-
put physics will affect predictions more strongly than for
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other evolutionary phases. In addition, the observable evo-
lution of pulsation periods provides a direct measurement
of evolutionary timescales along the blue loop. Famously
dubbed “magnifying glasses of stellar evolution” (Kippen-
hahn & Weigert 1994), Cepheids thus provide crucial high-
sensitivity tests of stellar models (Walmswell et al. 2015).
An important recent discussion has centered around the re-
maining Cepheid mass discrepancy (e.g. Christy 1968; Sto-
bie 1969a,b,c; Bono et al. 2006; Keller 2008), which is de-
fined by systematically overestimated masses inferred from
stellar evolution models. Key attempts at resolving this dis-
crepancy included either increasing luminosity at fixed mass
by enhancing convective core overshooting (e.g. Bono et al.
2001; Prada Moroni et al. 2012) or removing mass at fixed
luminosity via enhanced mass loss (Neilson & Lester 2008).
Recently, Anderson et al. (2014) showed that a combina-
tion of rotational mixing and correct identification of the
IS crossing number offers a favorable explanation for this
discrepancy.
Thanks to a period-age relationship, Cepheids are versa-
tile tools for dating star formation events in the Galactic nu-
clear bulge (e.g. Matsunaga et al. 2011; De´ka´ny et al. 2015)
as well as in other galaxies (Senchyna et al. 2015), and for
tracing Galactic structure (e.g. Feast et al. 2014). However,
dating intermediate-age stellar populations has recently re-
vealed some shortcomings in how ages are inferred from
stellar evolution models. For instance, some authors have
argued for multiple stellar populations in intermediate-age
open clusters in the LMC (Mackey & Broby Nielsen 2007;
Mackey et al. 2008; Goudfrooij et al. 2009, 2011), in anal-
ogy with multiple populations observed in globular clus-
ters. On the other hand, rotation-related effects have been
shown to be highly successful in explaining apparent age
spreads in such clusters as a combination of different main
sequence lifetimes for stars of different initial rotation rate
but identical mass and metallicity (Bastian & de Mink 2009;
D’Antona et al. 2015), and inclination effects such as grav-
ity darkening (Espinosa Lara & Rieutord 2011; Brandt &
Huang 2015; Niederhofer et al. 2015). As another example,
different initial rotation velocities may provide a straight-
forward explanation for some cases of binary stars that do
not both fit on a single isochrone (e.g. Suchomska et al.
2015).
Given the diverse effects that rotation can have on in-
dividual stars and binaries, as well as entire populations of
stars, it is important to test and calibrate stellar models
that include treatment of rotational effects. Following our
exploratory work on the effect of rotation on stars in the
IS (Anderson et al. 2014), we here present a detailed pul-
sational instability analysis of the Geneva stellar evolution
models for the mass range 1.7 to 15 M, for three different
initial rotation rates (non-rotating, typical, and fast), and
for metallicities representative of the Sun, the LMC, and
the SMC.
Following a concise overview of the main model charac-
teristics in Sect. 2 and the applied method of pulsational
instability analysis (Sect. 2.2), we present our results in
Sect., 3. We present the boundaries of the IS in Sect. 3.1
and from thereon consider all models that lie within these
boundaries as Cepheids. We determine PLRs in Sect. 3.3
and construct period-age relations in Sect. 3.4. We further
investigate and compare our predictions to empirical re-
sults from the literature for a series of relations with pe-
riod, including period-temperature and period-radius rela-
tions (Sect. 3.5), and rates of period change (Sect. 3.7). In
Sect. 4, we revisit the mass discrepancy (Sect. 4.1), discuss
the relative impact of the intrinsic IS width, different cross-
ing numbers, metallicity, and rotation on PLRs (Sect. 4.2)
and discuss the applicability of flux-weighted gravity lu-
minosity relations (FWGLR) for Cepheids (Sect. 4.3). We
summarize our results and conclude in Sect. 5. Additional
information is provided in the electronic appendix available
online. We note that throughout of this paper, we use 10-
base logarithms, i.e., log means log10.
2. Analysis
Here we briefly recall the basic properties of the single star
(Geneva) models used as basis for the pulsation analysis as
well as the basics of the pulsation analysis carried out. We
point out relevant references for readers interested in more
detail.
2.1. Geneva Stellar Evolution Models
The models used for the pulsational instability analysis
(Sect. 2.2) are presented in detail by Georgy et al. (2013).
The grid employed here spans masses of 1.7, 2, 2.5, 3, 4, 5,
7, 9, 12, and 15 M. We here focus on three of the nine avail-
able initial rotation rates, namely : ω = Ω/Ωcrit = 0.0, 0.5,
and 0.9, where Ωcrit refers to the first critical angular veloc-
ity (we adopt the nomenclature as in Georgy et al. 2013).
In the remainder of the paper, we refer to these initial rota-
tion rates as slow, average, and fast rotating models. Details
about these models and the input physics were presented
by Ekstro¨m et al. (2012) and Georgy et al. (2013). Here, we
recall the basics most relevant to the current investigation.
The models are calibrated at Solar metallicity on fea-
tures that are not directly related to this work (such as ini-
tial abundance ratios that reproduce the present-age Sun,
as well as mixing length parameters and mass-loss rates
on the main sequence, see Ekstro¨m et al. 2012) and no
fine-tuning or re-calibration was performed here to improve
agreement with Cepheid observations.
The models assume differential rotation based on pre-
scriptions by Zahn (1992) for Dh and Maeder & Zahn (1998)
for Dshear. The boundaries of the convective core are ex-
tended with a mild overshooting of dover/HP = 0.1. The ini-
tial composition is set as follows: the initial helium abun-
dance is computed assuming a linear variation as a function
of metallicity so that Y(Z) = YP + ∆Y∆ZZ. YP is 0.2484 (Cyburt
et al. 2003), and ∆Y
∆Z = 1.257. Z and Y being known, the
hydrogen abundance is therefore X = 1 − Y − Z. Among the
metals, a solar mixture is assumed (mostly from Asplund
et al. 2005, see Ekstro¨m et al. (2012) for more details.).
Opacities were computed for this particular mixture with
the OPAL online tool1 (see Iglesias & Rogers 1996) and are
complemented at low temperature with opacity computa-
tions from Ferguson et al. (2005). No adjustments to opac-
ities are made when the mixture departures from the solar
mixture. Standard recipes are used to account for mass loss
during different evolutionary phases; these are presented in
Tab. 1. Certain models that reach critical rotation speeds
shed this excess angular momentum via mechanical mass
loss (cf. Georgy et al. 2013, Section 2.2); this applies to
1 http://opalopacity.llnl.gov/
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phase / mass range [1.7 − 5] M ]5 − 7] M ]7 − 15] M
MS
- - de Jager et al. (1988)
- - α = 0.5
Advanced stages Reimers (1975) Reimers (1975) de Jager et al. (1988)
(3.7 ≤ log(Teff) < 3.8) η = 0.5, α = 0. η = 0.6, α = 0. α = 0.5
Advanced stages Reimers (1975) Reimers (1975) Crowther (2001)
(log(Teff) < 3.7) η = 0.5, α = 0. η = 0.6, α = 0. α = 0.
Table 1. Mass-loss rate prescriptions used during the different stellar evolution phases. The η value for the Reimers (1975)
prescription is a multiplying factor applied to the original formulation of the prescription. The α value indicates how the law is
scaled with respect to the metallicity: M˙(Z) = M˙(Z)
(
Z
Z
)α
.
higher-mass models with fast initial rotation (ω = 0.9) dur-
ing their MS evolution.
For the purpose of the present instability analysis, we
recomputed evolutionary phases when models cross the
Hertzsprung gap with a slightly modified version of the
code. This was necessary to make available all the quantities
required for the pulsational instability analysis throughout
the entire star.
Figure 1 shows the post MS parts of evolutionary tracks
up to the end of core-helium burning, as well as theoreti-
cal blue (hot) and red (cool) boundaries of the Cepheid IS.
As discussed in Anderson et al. (2014), intermediate-mass
stars (10M & M & 3M, depending on metallicity and ini-
tial rotation rate) cross the IS rapidly for the first time
during core contraction phase after turning off from the
MS and before core helium ignition; this is called the first
crossing. Second and third crossings occur during the core-
helium burning phase during the so-called blue loop evolu-
tion. Since the evolutionary timescale of the first crossing
is much faster than that of subsequent crossings, nearly all
observed Cepheids are generally considered to be evolving
along blue loops and undergoing core He burning.
We note that some models exhibit multiple loops near
the tip of the blue loop evolution. Such “He-spikes” lead to
formal 4th and 5th crossings of the IS that are unlikely to
be real. These He-spikes are linked with the uncertainty re-
garding the location of the convective core’s boundary, and
the mixing occurring through this interface. With our cur-
rent implementation of convection (instantaneous penetra-
tive overshoot and Schwarzschild criterion, see e.g. Cristini
et al. 2016), a small displacement of the boundary can bring
a significant amount of fresh helium into the core, partic-
ularly when the central helium mass fraction becomes low.
This provides a strong boost to the core’s energy genera-
tion, changing luminosity and the radiative gradient rapidly
and pushing outward the convective core’s boundary (see
also Castellani et al. 1985). It is so far not clear whether this
feature is real or not (see also the discussion in Constantino
et al. 2015). The main relevance of these “He-spikes” is that
they can significantly alter the lifetime of 2nd or 3rd cross-
ings, implying systematic uncertainties for population syn-
thesis and arguments based on the frequency of Cepheids
observed with negative or positive rates of period change.
Figure 1 illustrates the different evolutionary paths of
Solar, LMC, and SMC metallicity models, illustrating the
how the extent of blue loops changes with mass and metal-
licity. In general, the extension of the blue loop to higher
temperatures increases with mass until it eventually disap-
pears. Towards lower masses, blue loops extend less and less
blueward. At a certain point, blue loops enter the IS near
the red edge and turn back toward the red giant branch be-
fore passing the region where the blue IS boundary is to be
expected based on extrapolation from higher-mass models
or the analysis first IS crossings at similar luminosity. Con-
sequently, we cannot formally determine a blue boundary
from such models, although the red boundary remains ac-
cessible. At even lower mass, blue loops become even shorter
and do not enter the IS at all, although predictions for first
IS crossings can still be made. Blue loops are very sensi-
tive to input physics, such as convective core overshooting,
which tends to reduce the extent of blue loops and thereby
increases the minimal mass of models entering the IS (e.g.
Anderson et al. 2014, Fig. 1). Metallicity is another defining
factor for the extension of blue loops: the lower the metal
content (within the range of models considered here), the
farther blue loops extend for low-mass models. The conse-
quences of these effects on the predicted period range are
discussed in Sec. 3.2.
Contrary to the lower mass-stars discussed above, stars
with Mini & 10M (this mass limit becomes smaller for lower
metallicity and higher rotation rates) cross the instability
strip only once, and after igniting the core-helium burn-
ing. Although this is technically a first IS crossing, we here
refer to this evolutionary phase as third crossings, since
the evolutionary timescales are those of Cepheids in the
process of core He burning. As a result, no clear-cut max-
imum luminosity or maximum period of Cepheids is ex-
pected. However, in practice such stars will be rarely ob-
served due to their high mass and short lifetime as Cepheids
(the timescale of core He-burning accelerates with mass).
The onset of core He burning in such massive stars leads to
luminosity increases around logTeff ∼ 4.1, cf. Fig. 1.
2.2. Pulsation Analysis
In this paper, we perform linear non-adiabatic radial pul-
sation analysis for evolutionary models to determine the
stability of pulsation modes and their periods. The method
described in Saio et al. (1983) was extended to include the
effect of pulsation-convection coupling, which is required
for predicting the red edge of the Cepheid instability strip
(IS).
Our linear non-adiabatic analysis solves linearized en-
ergy conservation and energy flux equations simultaneously
with linearized momentum and mass conservation equa-
tions. The latter equations, common to adiabatic analysis,
determine pulsation period, while the former equations de-
termine the stability (i.e., excitation or damping) of pulsa-
tion. These thermal equations take into account perturba-
tion (pulsational variation) of local luminosity, δLr, which
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Fig. 1. Post-MS evolutionary tracks used in this work (Georgy et al. 2013), with overplotted IS boundaries of radial fundamental
pulsation determined for the different assumed initial rotation rates. The number at the beginning of each track indicates initial
mass in solar units. Assumed initial rotation rates are color-coded; red lines are for models without rotation (ωini = 0), black lines
for models with an initial rotation of 50% critical rate (ωini = 0.5), and blue lines for an initial rotation of 90% critical rate. IS
boundaries shown as dash-dotted lines indicate first crossing models, dashed lines the second crossing, and solid lines the third
crossing.
consists of radiative and convective luminosity, i.e., δLr =
δLrad + δLconv. The equation for δLrad is obtained by lineariz-
ing the diffusion equation of radiation. Obtaining δLconv,
however, requires a time-dependent convection (TDC) the-
ory. In this paper, we treat the pulsation-convection cou-
pling by deriving δLconv from TDC theory as described by
Unno (1967) and extended by Grigahce`ne et al. (2005). This
allows us to predict the red edge of the instability strip. For
comparison, we also determine the blue IS edge by neglect-
ing δLconv and refer to this as the frozen convection (FC)
assumption. Under this assumption, the red IS edge cannot
be predicted. Throughout this paper, we use IS boundaries
predicted by taking into account pulsation-convection cou-
pling.
We note that turbulent pressure is not included in the
evolutionary models nor in our pulsation analysis. Convec-
tion velocities from MLT indicate that the ratio of turbu-
lent to thermal pressure in the second He ionization zone
(logT ∼ 4.6) is always very small (. 0.01) in the Cepheid
models. Although the ratio can be larger than ∼ 0.1 in the
H and first He ionization zone (3.9 . logT . 4.2), such lay-
ers are confined into a thin zone of less than ∼ 1 % of radius
just below the photosphere. This strongly suggests that tur-
bulent pressure hardly affects the properties of Cepheids.
It is known that TDC calculations based on mixing-
length theory yield rapid spatial oscillations of the flux
perturbation near the bottom of the convection zone (e.g.
Baker & Gough 1979; Gonczi & Osaki 1980; Grigahce`ne
et al. 2005) if the convection turn-over-time associated with
the mixing length is longer than the pulsation period. These
spatial oscillations are suppressed based on the argument
about the possible effect of small-scale eddies (Saio 1980),
which is technically identical to setting the parameter β of
Grigahce`ne et al. (2005) to unity.
We thus determine the stability of all radial pulsation
modes and calculate their corresponding periods. The most
relevant model parameters at the instability boundaries are
listed in Appendix A, cf. Tabs. A.1, A.2, and A.3 for funda-
mental mode pulsation, and in Tabs. A.4, A.5, and A.6 for
first overtone pulsation.
Although the models that form the basis of the pulsa-
tional instability include the evolutionary effects of rota-
tion, we do not account for mechanical effects of rotation
on the radial pulsation itself. This is justified, since radial
pulsation is not affected by centrifugal deformation (e.g.
Saio 1981), and since the leading effects of rotation on our
predictions are already accounted for by the evolutionary
models (change in luminosity and radius). Any remaining
effects would arise from second-order Coriolis force terms,
which we estimate to be approximately (P/Prot)2 with pulsa-
tion period P and rotation period Prot, leading to an impact
of at most ∼ 1% for some extreme cases and much smaller
for most other cases.
3. Results
This section presents the results from our pulsational in-
stability analysis and compares these to empirical data. In
the following, we usually treat separately Cepheid models
of different ω (initial rotation), Z, crossing number, and
those on the blue and red edge of the IS. In certain cases,
it is useful to fit together models with different rotation or
on different IS crossings, and we refer to the resulting rela-
tions as rotation or crossing averages. We focus primarily
on 2nd and 3rd crossings, since first crossings are rarely ob-
served. Unless otherwise stated, all physical parameters of
Cepheids considered are pulsation-averaged values, i.e., not
pulsation phase-dependent.
To facilitate comparisons with observations, we trans-
late predicted luminosities and temperatures to magnitudes
in photometric passbands using the calibrations given by
Worthey & Lee (2011) and Mbol, = 4.74 mag. To this end,
we employ photometric filters B, V, I, and H, where B, V,
and I are in the Johnson-Cousins system, and H is close to
the near-IR system of Bessell & Brett (1988), which is very
close to the F160W filter on the Hubble Space Telescope
WFC3 (Carpenter 2001; Riess 2011).
We compare predictions from our Solar metallicity mod-
els (Z = 0.014) to Galactic Cepheids, and those with
Z = 0.006 and Z = 0.002 to LMC and SMC Cepheids, re-
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spectively. For Galactic Cepheids, we rely on stars with di-
rectly measured absolute magnitudes (e.g. Benedict et al.
2007; van Leeuwen et al. 2007; Storm et al. 2011). For Mag-
ellanic Cloud Cepheids, we adopt distance moduli deter-
mined from eclipsing binaries, namely 18.494 (Pietrzyn´ski
et al. 2013) for the LMC and 18.965 (Graczyk et al. 2014;
Scowcroft et al. 2016) as an average distance for the SMC.
To enable precise comparisons with observations, we em-
ploy Wesenheit relations (Madore 1982) from the literature
due to their insensitivity to extinction. Specifically, we com-
pute
WVI = I − 1.55 · (V − I) (1)
and
WH,VI = H − 0.41 · (V − I) (2)
following Soszynski et al. (2008) and Riess et al. (2011), thus
assuming a Cardelli et al. (1989) reddening law with slope
RV = 3.1. WH,VI is of particular interest for the extragalactic
distance scale and in this context is usually based on the
Hubble Space Telescope WFC3 filters F555W, F814W (both
UVIS2), and F160W (IR channel3).
3.1. Blue and Red Edges of Classical Instability Strip
We show IS boundaries for fundamental mode pulsation
predicted for different metallicities and initial rotation rates
in Fig. 2. We indicate locations of blue and red IS bound-
aries obtained by taking into account pulsation-convection
interaction with thicker lines. Blue edges obtained using the
‘frozen convection’ (FC) assumption (cf. Sec. 2.2 are shown
as thinner lines. No red-edge is obtained in the analysis with
the FC assumption, since the red boundary occurs due to
pulsation-convection coupling.
It is often assumed that the FC assumption can be used
to accurately predict the location of blue edge. Interest-
ingly, Fig. 2 shows that pulsation-convection coupling sig-
nificantly affects the predicted blue boundary. This effect
had previously been described by Gonczi & Osaki (1980).
Moreover, Fig. 3 shows that the IS boundaries including
pulsation-convection coupling are much more consistent
with the observed distribution of the Galactic Cepheids
than if this coupling is neglected. The figure also shows
that our predicted red edges are also consistent with the
observed distributions in the HR diagram. This excellent
consistency with observations is crucial for having confi-
dence in the properties of Cepheid variable stars.
Figure 2 illustrates the effect of metallicity, crossing
number, and rotation on IS boundaries. We find a weak
dependence of the blue edge position on metallicity, with
lower metallicity models having slightly higher tempera-
ture. Qualitatively, the same effect was shown by Bono et al.
(2000) and Fiorentino et al. (2002), albeit with a stronger
dependence of IS boundaries on metallicity (see Fig. 4). The
difference between our results and these literature relations
can be explained by the different initial helium abundances
adopted (cf. Sec. 2.1 and Marconi et al. 2005, Fig.1) as well
as the overall lower metal content for solar metallicity (we
2 http://www.stsci.edu/hst/wfc3/documents/handbooks/
currentIHB/c06_uvis06.html
3 http://www.stsci.edu/hst/wfc3/documents/handbooks/
currentIHB/c07_ir06.html
use Z = 0.014 instead of Z = 0.02). The different IS bound-
aries have important implications for the dependence of pe-
riod on metallicity, see Sec. 3.2 below. Figure 4 also provides
a comparison with empirical IS boundaries determined by
Tammann et al. (2003). For the Galactic metallicity, the
Tammann et al. (2003) hot edges are in near perfect agree-
ment, and so are the cool edges for the lower metallicities.
The blue edge does not significantly depend on cross-
ing number or initial rotation rate. This behavior shows
the dependence of the pulsational instability on luminos-
ity and temperature: metallicity changes temperature, e.g.
via line blanketing, while rotation and crossing numbers
mainly shift Cepheids in luminosity without affecting tem-
perature, cf. Fig. 1. On the other hand, the cool (red) IS
edge is significantly affected by metallicity, crossing num-
ber, and rotation. The main difference is due to the depen-
dence of stellar structure on rotation and crossing number,
both of which affects the size and average density of the
star as well as the pressure scale height. This changes the
way convection operates in the star, leading to a noticeable
effect on the cool IS boundaries. The change in the red IS
boundary location between first and later crossings is fur-
ther significantly affected by the higher helium abundance
in the outer envelope following the dredge-up that occurs
after the first crossing.
Figure 3 shows a more extensive comparison with ob-
servations for low-extinction (E(B − V) < 0.08 mag) Galac-
tic, LMC, and SMC Cepheids in color-magnitude diagrams.
The excellent agreement indicates that our implementation
of the pulsation-convection interaction is on the right track.
In particular, the predicted widening of the IS at high lu-
minosities is a good match to observations, although the
scarcity of long-period (high-L) Cepheids results in a less
densely populated region.
We here do not provide analytic relations representing
the IS boundaries due to the wedge-shaped nature of the
IS. IS boundaries can be easily reproduced from Tabs. A.1
through A.3 for fundamental modes and Tabs. A.4 through
A.6 for first overtones given in Appendix A.
3.2. Range of predicted periods
Here we present the range of pulsation periods predicted by
our models. The finite resolution of our model grid (espe-
cially in mass) limits the precision with which longest and
shortest periods can be predicted. Particularly the lower
limit on periods is not fully sampled, since this depends
sensitively on the extension of blue loops to hotter tem-
peratures (for Cepheids during core He burning, i.e., on
2nd or later crossings). Yet, inspecting the range of periods
predicted sheds light on some important tendencies with
metallicity and initial rotation rate.
Figure 5 shows the range of periods predicted for
Cepheids pulsating in fundamental mode and the first over-
tone as a function of initial rotation rate, mass, and metal-
licity. We do not distinguish between second and third
crossings in this figure, plotting simply the full range of pe-
riods predicted. First crossings are shown as thinner lines,
since this evolutionary phase is rarely observed, cf. Sec. 3.7
and references therein.
For a given model mass our models predict pulsation pe-
riod to decrease with increasing metallicity and vice versa,
cf. Fig. 6. This dependence is driven by the higher lumi-
nosity of lower metallicity models. For instance, our 7 M,
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Fig. 2. Locations of the blue and red edges for fundamental mode pulsation. The left panel is for models of the solar metallicity with
various initial rotation rates, while the right panel is for models of an initial rotation of ωini = 0.5 with various metal abundances.
The thinner lines show the locations of blue edges obtained with the frozen convection assumption, while the thicker lines show
blue and red edges obtained by taking into account the perturbation of convection flux. The left panel also shows the positions of
some Galactic Cepheids whose parameters are taken from Turner & Burke (2002), Turner et al. (2012, 2013), and Turner (2013).
Fig. 3. Locations of the blue and red edges of the fundamental pulsation in the color-magnitude diagram for models of various
metallicities and initial rotation rates. As in Fig. 2, thinner lines show locations of blue edges obtained with the frozen convection
assumption, while thicker lines show blue and red edges obtained by taking into account the perturbation of convection flux.
For Milky-Way Cepheids (left-most panel), data obtained by Evans et al. (2013) are included in addition to the data shown in
Fig. 2. Data for LMC Cepheids (middle panel) are taken from Sandage et al. (2004) adopting a distance modulus of 18.494 mag
(Pietrzyn´ski et al. 2013). Data for SMC Cepheids in the right-most panel are taken from Udalski et al. (1999), in which only
fundamental pulsators with reddening of E(B−V) < 0.08 mag are chosen using distance modulus 18.965 for the SMC (Graczyk et al.
2014; Scowcroft et al. 2016).
ω = 0.5 models on the 3rd crossing at the blue edge bound-
ary predict P = 12.7 d, 14.4 d, and 16.8 d for Z = 0.014,
0.006, and 0.002, respectively. We note that our result con-
tradicts the result by Bono et al. (2000) who concluded that
periods should increase with increasing metallicity since
their predicted IS boundaries depended sensitively to metal-
licity, being shifted to significantly lower temperatures for
higher metallicity models. Our IS boundaries, however, ex-
hibit a much weaker dependence on metallicity due to a
lower helium abundance, cf. Sec. 3.1 and Fig. 4. As a result,
the primary effect of metallicity on Cepheids is to vary lumi-
nosity at nearly fixed temperature, with lower metallicity
models having higher luminosity and thus, longer period.
The excellent agreement of our predicted IS boundaries
with empirical data (Sec. 3.1) corroborates this conclusion.
Rotation modifies the Cepheid mass-luminosity relation
(Anderson et al. 2014), resulting in different radii for a
model of a given mass. Since the dependence of luminos-
ity on rotation is not monotonous, the same is true for
pulsation periods. However, the range of periods predicted
is very sensitive to the exact shape of the blue loops, cf.
Fig. 2.1). Assuming that periods follows luminosity, the ex-
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Fig. 4. Comparison of our IS boundaries with the literature for both fundamental mode Cepheids (upper panels) and first overtone
Cepheids (lower panels). The blue edge shown is computed without the frozen convection assumption. Metallicity decreases over
the panels from left to right, as indicated. Our IS boundaries are drawn in red, black, and blue for ω = 0.0, 0.5, and 0.9, respectively.
First crossings are drawn as dash-dotted, second crossings as dashed, and third crossings as solid lines. Theoretically computed IS
boundaries by Bono et al. (2005, noncanonical models computed for Z=0.02, 0.008, 0.004) are shown as cyan and magenta dashed
lines for the hot and cool edge, and empirical boundaries by Tammann et al. (2003, fundamental modes only) are shown as solid
cyan and magenta lines for hot and cool edges.
pected result would be in analogy to the dependence of the
mass-luminosity relation with rotation: non-rotating mod-
els would have the shortest periods, whereas models with
average rotation would have the highest luminosity and
hence the longest periods. Indeed, the 7 M models men-
tioned above with ω = 0.0 (non-rotating) have predicted
P = 8.7 d, 10.3 d, and 11.8 d (compare to above models with
ω = 0.5). Fast rotating models are less luminous than those
with average rotation due to competing hydrostatic and
mixing effects (Anderson et al. 2014) and hence exhibit in-
termediate periods.
Figure 5 furthermore clearly shows that the long-period
end of the period distribution increases with decreasing
metallicity for both fundamental mode and first overtone
Cepheids. A similar result was previously obtained for over-
tone Cepheids by Bono et al. (2002).
Figure 5 reveals another important effect of metallicity
on populations of Cepheids: low-metallicity Cepheid pop-
ulations are predicted to contain shorter-period Cepheids
than higher-metallicity populations4, despite the tendency
of increasing period with decreasing metallicity discussed
above. This is because low-metallicity blue loops extend to
hotter temperatures for a given mass, leading to more com-
pact Cepheids with shorter periods. As a side effect, the
minimum mass of a model that enters the IS also decreases
with decreasing metallicity, which also decreases the ex-
pected minimal period. An interesting consequence of the
blue loop extension within the IS is that low-mass short-
period Cepheids are expected to cluster near the red edge
of the IS.
In summary, our results predict that period distri-
butions of lower-metallicity populations extend to both
shorter and longer periods than those of higher-metallicity
populations. For a Cepheid of a given mass, rotation rate,
effective temperature, and crossing, however, a decrease in
4 Neglecting Cepheids on the first IS crossing, since these are
not frequent enough to be relevant for this discussion
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Fig. 5. Predicted period ranges for fundamental mode Cepheids (top) and first overtone Cepheids (bottom) as function of mass,
metallicity, and initial rotation rate. Period ranges on the first crossing are shown with thinner lines than period ranges on 2nd
and 3rd crossings. For each mass, we plot results for three different rotation rates (increase left to right) and three metallicities
(increase left to right, see colors). For a given model mass, lower metallicity tends to increase pulsation period. Lower metallicity
models, however, predict shorter minimum periods for Cepheids on 2nd and 3rd crossings due to longer blue loops.
metallicity results in an increase in period due to the asso-
ciated change in luminosity.
The OGLE-III sample of Magellanic Cepheids (Soszyn-
ski et al. 2008; Soszyn´ski et al. 2010) clearly shows that
these predictions are confirmed by the difference in period
distribution among Cepheids in the LMC and SMC (shorter
minimal periods in the SMC). This important empirical fact
corroborates the predicted dependence of the blue loop ex-
tension to metallicity (see also Sec. 3.3) and suggests that
the blue loop effect on the short-period is indeed the dom-
inating factor to the short-period end of the distribution.
Our ability to investigate the minimal period predicted
by our models are currently limited by the finite resolution
of the model grid. A more detailed investigation regard-
ing the shortest predicted periods would require a signifi-
cant additional computational effort (a fine grid of different
masses, rotation rates, and metallicities), which is consid-
ered out of scope for this paper.
3.3. Period-Luminosity Relations
We show PLRs predicted separately for the different cross-
ings and each blue and red edge in Fig. 7. The left panel
compares the effect of metallicity for non-rotating models,
and the right panel shows the same for models with average
rotation (ω = 0.5). From the figure it is clear that crossing
numbers and rotation influence the position of each PLR,
and that rotation tends to slightly broaden the width of the
IS, particularly at long periods. The relative effects of the
intrinsic width of the IS, crossing numbers, metallicity, and
rotation are discussed in more detail in Sect. 4.2.
We determine theoretical PLRs on the red and blue IS
edges (subscripts r and b) by fitting absolute magnitudes
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Fig. 7. PLRs for fundamental mode pulsation at blue and red IS boundaries for models without rotation (left panel) and models
with ωini = 0.5 (right panel). Metallicity is color coded, and different line types correspond to different crossings, see legend.
3.643.663.683.703.723.743.763.783.80
log (Teff [K])
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
lo
g
(P
[d
])
Fundamental mode, ω = 0.5
Z = 0.014
Z = 0.006
Z = 0.002
5M¯
7M¯
9M¯
Fig. 6. Period against effective temperature for 5, 7, and 9 M
fundamental mode models with average rotation and different
metallicities, as indicated. Downward triangles represent models
on the 2nd crossing, upward triangles those on the 3rd crossing.
computed in V, H, WVI , and WH,VI filters linearly:
Mr,b = αr,b · log (P [d]) + βr,b . (3)
The curvature of the IS’s red edge (cf. Fig. 4) could be
taken into account by adopting a quadratic term. However,
this curvature depends on both IS edge (red shows more
curvature) and photometric band pass, becoming less no-
ticeable at wavelengths longer than V, as well as in WVI . For
consistency and in keeping with the literature, we therefore
use linear PLRs for both IS edges. We tabulate rotation-
averaged PLRs in Table 2. Rotation-averaged here indicates
that predictions for ω = 0.0, 0.5, and 0.9 were all fit together
for each filter, crossing number, IS edge, and metallicity.
Figure 8 compares predicted rotation-averaged PLRs for
Cepheids in the Milky Way, LMC, and SMC to observed
PL distributions using the“reddening-free”WVI magnitudes
(Eq. 1). The sample of Galactic Cepheids consists of data
from Benedict et al. (2007), van Leeuwen et al. (2007),
Storm et al. (2011), and Casertano et al. (2015). We re-
computed the absolute WVI magnitudes for these stars us-
ing the published parallaxes, apparent magnitudes, and,
where available, the stated Lutz-Kelker corrections (Lutz
& Kelker 1973) to ensure that the same definition for WVI
was employed for all stars as well as the models. The LMC
and SMC samples comprise all fundamental mode and first
overtone Cepheids listed in the OGLE-3 catalog of variable
stars (Soszynski et al. 2008; Soszyn´ski et al. 2010) with no
cuts applied.
The out-of-the box agreement between predictions and
observations is remarkable. Most Galactic Cepheids with
parallax measurements fall squarely within the IS bound-
aries. Although they are all consistent to within the stated
uncertainties, the most deviant from the predicted relations
are FF Aql, BG Cru, and DT Cyg. Galactic Cepheids with
Baade-Wesselink distances exhibit larger scatter, but also
reproduce the predicted relations very well. For the LMC,
the distribution of first overtone Cepheids is particularly
well confined within the predicted boundaries. Short-period
Cepheids in the LMC tend to cluster near the predicted
red edge PLR, which could be an indication of the shorter
blue loop extent predicted for lower-mass models and ad-
ditionally affected by the neglected curvature of the red
IS edge. The observed scatter among longer period funda-
mental mode Cepheids is consistent with the predicted PL
width. The finite mass resolution of our models sets the
short-period limit of the predicted PLRs plotted here. The
true short-period is, in practice, defined by a model mass
that falls within our grid’s resolution (cf. Sec. 3.2). For in-
stance, the expected minimal mass for Z = 0.014 is approx.
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Fig. 8. Comparison between predicted PLRs and observed PL distributions. We show separate theoretical PLRs near blue and red
edges, and for the three crossings. Each PLR is derived by fitting models of all rotation velocities together, cf. Tab. 2. We use the
“reddening-free” Wesenheit index WVI to compare the theoretical relations to Milky Way, LMC, and SMC Cepheids (top to bottom
panels as labeled). First, second, and third crossing predictions are shown as triangles, squares, and circles and fitted relations are
drawn as dash-dotted, dashed, and solid lines over a slightly longer period range (±0.1 in log P) for clarity. Hot and cool edges are
drawn in blue and red for fundamental mode models, and in cyan and magenta for first overtone models. Top panel: Empirical data
shown are from Benedict et al. (2007, black circles with errors), van Leeuwen et al. (2007, green circles with errors), Storm et al.
(2011, yellow scatter points), and Casertano et al. (2015, black square with errors). Center and bottom panels: OGLE-3 LMC and
SMC Cepheids (Soszynski et al. 2008; Soszyn´ski et al. 2010), for which absolute magnitudes are calculated using distance moduli of
18.494 and 18.965 based on eclipsing binary distances (Pietrzyn´ski et al. 2013; Graczyk et al. 2014). In the LMC and SMC panels,
fundamental mode Cepheids are shown as filled circles, and first overtone Cepheids as filled pluses. Predictions for short-period
fundamental mode Cepheids are limited by the neglected curvature of the red IS edge (cf. Sec. 3.1) and the finite mass resolution
of the model grid (cf. Sec. 3.2). The increased scatter among SMC Cepheids due to depth effects is clearly evident.
4.5 M (Anderson et al. 2014). For the SMC, the depth ef-
fect (e.g. Scowcroft et al. 2016) is very noticeable.
Adopting different combinations of models, our analy-
sis allows to test for the impact of the IS width, crossing
number, metallicity, and rotation. We discuss these various
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Z=0.014 Z=0.006 Z=0.002
Band Xing Blue Edge Red Edge Blue Edge Red Edge Blue Edge Red Edge
αb βb αr βr αb βb αr βr αb βb αr βr
V 1st -3.040 -1.600 -2.602 -1.037 -3.162 -1.617 -2.791 -1.003 -3.107 -1.609 -2.943 -0.984
V 2nd -2.878 -1.619 -2.008 -1.487 -2.836 -1.793 -2.281 -1.265 -2.978 -1.607 -2.642 -1.043
V 3rd -2.816 -1.664 -1.761 -1.766 -2.859 -1.655 -2.077 -1.465 -3.046 -1.435 -2.461 -1.063
H 1st -3.483 -2.570 -3.316 -2.353 -3.543 -2.549 -3.389 -2.300 -3.503 -2.499 -3.452 -2.248
H 2nd -3.389 -2.519 -2.981 -2.540 -3.278 -2.670 -3.086 -2.362 -3.387 -2.490 -3.276 -2.218
H 3rd -3.286 -2.579 -2.927 -2.580 -3.279 -2.549 -3.026 -2.391 -3.421 -2.352 -3.212 -2.133
WVI 1st -3.570 -2.809 -3.371 -2.632 -3.635 -2.782 -3.431 -2.581 -3.599 -2.722 -3.499 -2.533
WVI 2nd -3.442 -2.789 -3.020 -2.825 -3.344 -2.924 -3.096 -2.675 -3.466 -2.727 -3.292 -2.525
WVI 3rd -3.324 -2.861 -3.106 -2.716 -3.320 -2.828 -3.114 -2.629 -3.478 -2.609 -3.234 -2.435
WH,VI 1st -3.569 -2.765 -3.440 -2.609 -3.619 -2.737 -3.492 -2.554 -3.582 -2.678 -3.541 -2.497
WH,VI 2nd -3.480 -2.707 -3.143 -2.755 -3.360 -2.852 -3.217 -2.588 -3.466 -2.670 -3.381 -2.456
WH,VI 3rd -3.367 -2.772 -3.143 -2.733 -3.353 -2.738 -3.193 -2.578 -3.491 -2.541 -3.337 -2.354
Table 2. PLRs (M = α log P + β) of fundamental mode Cepheids for Z = 0.014, 0.006, and 0.002, determined separately on blue
and red IS edges as well as for each of the three IS crossings in four photometric bands and Wesenheit indices (cf. Eqs. 1 and 2).
Each PLR is obtained as an average over the three initial rotation speeds. All magnitudes are determined using the interpolation
program and data by Worthey & Lee (2011). The WVI relations are shown in Fig. 8 .
Z=0.014 Z=0.006 Z=0.002
Band Xing Blue Edge Red Edge Blue Edge Red Edge Blue Edge Red Edge
αb βb αr βr αb βb αr βr αb βb αr βr
V 1st -3.145 -2.230 -2.806 -1.489 -3.195 -2.201 -3.030 -1.495 -3.216 -2.178 -3.118 -1.457
V 2nd -2.764 -2.423 -2.677 -1.546 -2.716 -2.434 -2.584 -1.599 -2.892 -2.239 -3.072 -1.314
V 3rd -2.596 -2.487 -2.305 -1.757 -2.849 -2.225 -2.734 -1.409 -3.111 -1.997 -2.703 -1.416
H 1st -3.593 -3.133 -3.479 -2.856 -3.614 -3.086 -3.558 -2.812 -3.640 -3.033 -3.596 -2.744
H 2nd -3.351 -3.203 -3.361 -2.834 -3.290 -3.206 -3.364 -2.747 -3.473 -3.003 -3.603 -2.567
H 3rd -3.320 -3.174 -3.337 -2.786 -3.437 -2.971 -3.408 -2.651 -3.610 -2.801 -3.506 -2.509
WVI 1st -3.697 -3.358 -3.531 -3.138 -3.717 -3.306 -3.609 -3.098 -3.751 -3.246 -3.650 -3.032
WVI 2nd -3.467 -3.422 -3.371 -3.149 -3.401 -3.423 -3.374 -3.062 -3.609 -3.203 -3.629 -2.872
WVI 3rd -3.384 -3.426 -3.421 -3.044 -3.502 -3.227 -3.420 -2.965 -3.696 -3.027 -3.532 -2.812
WH,VI 1st -3.682 -3.315 -3.596 -3.121 -3.698 -3.264 -3.652 -3.070 -3.726 -3.204 -3.682 -2.997
WH,VI 2nd -3.464 -3.364 -3.472 -3.092 -3.400 -3.365 -3.491 -2.982 -3.588 -3.158 -3.692 -2.817
WH,VI 3rd -3.447 -3.325 -3.517 -2.993 -3.542 -3.132 -3.518 -2.901 -3.704 -2.967 -3.639 -2.733
Table 3. Same as Tab. 2 for first overtone Cepheids.
effects and their implications for distance measurements in
Sect. 4.2 below.
3.4. Period-Age Relations from Rotating Models
Longer-period Cepheids tend to have higher initial masses,
and hence tend to be younger than Cepheids of shorter
periods. The concept of Cepheid period-age relations
(Bono et al. 2000) has thus sparked interest in terms of
dating star-forming regions, e.g. in the nuclear bulge of the
Galaxy (e.g. De´ka´ny et al. 2015) or the Magellanic system
(Jacyszyn-Dobrzeniecka et al. 2016). Of course, pulsation
period also increases towards the red edge of the IS for a star
of a given mass, leading to period-age-color relations, which
are often approximated by period-age relations (Bono et al.
2005). Crossing numbers have similar effects on period-age
relations. Taken together, a fairly large scatter in age at a
fixed period can thus be expected even for models that do
not include the rejuvenating effects of rotation.
Rotation affects period-age and period-age-color rela-
tions via mixing processes that supply the core with fresh
material; this is particularly important during hydrogen
burning on the MS. Contrary to the competing hydro-
static and mixing impacts on luminosity, rotation affects
MS lifetimes monotonously: the faster the initial rotation
of a model with fixed mass, the longer its MS lifetime. At
the time when a star of a given mass finally crosses the IS,
its age as a Cepheid therefore depends on its MS lifetime,
which is related to its rotational history (expressed as ω in
our models). However, period is proportional to luminos-
ity, and luminosity does not increase monotonously with
rotation. Therefore, we expect a fairly complex dependence
of the period-age relation on rotation. Differently stated,
a given luminosity can be reached by lower-mass Cepheid
models with rotation as well as higher-mass Cepheids with
very slow rotation (within limits). Since these lower-mass
(rotating) stars have longer MS lifetimes, one can expect
the rotating models to yield a higher age than the non-
rotating models for a given luminosity and thus, period.
In the following, we determine period-age relations (linear
in log P) from our results separately depending on initial
rotation rate, IS crossing, IS position, and metallicity. Ta-
ble 4 tabulates the different scenarios for ω = 0.5 (average
rotation).
We show our period-age relations in Fig. 9, which clearly
demonstrates that all the mentioned effects have significant
impact on age estimates based on Cepheid periods. Fig-
ure 10 further illustrates the effect of metallicity and rota-
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tion on period-age relations for both fundamental and first
overtone Cepheids. The period-age relation thus depends
on:
1. Crossing number (∆ log t . 0.2), larger differences with
lower metallicity. Since the three crossings occur in se-
quence, 3rd crossing Cepheids are older than those on
a second crossing. The largest difference in age at fixed
period is observed between the first and second cross-
ing, since the majority of core He burning occurs during
the red giant phase before blue loop evolution (Ander-
son et al. 2014). However, comparing the predictions for
different metallicities reveals that age estimates during
second and third crossings differ more for lower metallic-
ity models. This can be understood by the larger extent
of blue loops at lower metallicity, since the evolution-
ary time scale along the loop is slowest near the turning
point of the blue loop.
2. Position inside IS (∆ log t . 0.25). This is a consequence
of the period-age-color relation (Bono et al. 2005). As
Cepheids cross the IS, their pulsation periods change
due to overall expansion or contraction of the outer en-
velopes. Since the position of the IS does not change
much with metallicity, the age effect of the position in-
side the IS is relatively constant.
3. Rotation (∆ log t . 0.25). Rotating stars have longer MS
lifetimes than non-rotating stars due to an increased
availability of hydrogen in the core. Comparing ages for
2nd and 3rd crossing Cepheids, we find age differences of
up to ∆ log t ∼ 0.25 between non-rotating and ω = 0.5 as
well as ω = 0.9 models (not shown in Fig. 9 for clarity).
Based on these considerations, it is clear that individual
Cepheid ages are uncertain to approximately 50% if cross-
ing numbers, IS position, and, importantly, the rotational
histories are not known. On the other hand, these param-
eters can in principle be constrained by measured rates of
period change (crossing number), color or effective tempera-
ture, and CNO surface abundances (Anderson et al. 2014).
As Fig. 10 shows, the effect of rotation on the period-age
relation is similar to or greater than the effect of metal-
licity. Therefore, we recommend using period-age relations
derived for models with average rotation (ω = 0.5), aver-
aged over the 2nd and 3rd crossing and IS width in cases
where a determination of these parameters is not feasible.
Ages inferred from such mean relations tend to be approx.
∆ log t ∼ 0.2−0.3, i.e., 50−100% higher than those predicted
by literature relations without rotation (Bono et al. 2005;
Efremov 2003), depending on the period (more discrepant
for longer periods, cf. Fig. 10).
3.5. Period-Radius Relations from Rotating Models
Since pulsation periods are approximately proportional to
M−0.5R1.5, the effect of the radius on pulsation period sig-
nificantly outweighs the effect of mass. As a result, there
exists a nearly one-to-one correspondence between radius
and period (as noted by Gieren et al. 1998). Moreover, the
PR relations at the blue and red IS edges are very close
to each other and indistinguishable at the current level of
empirical accuracy. As seen in Fig. 11, PR relations are es-
sentially linear in the log P − logR plane. We tabulate our
results in Tab. 5, where we fitted separately the relations at
the blue and red edges of the IS for different metallicities
and rotation rates.
Figure 11 shows our period-radius relations for funda-
mental mode pulsators at the blue and red IS boundaries,
compared to radii of Milky Way Cepheids by Gieren et al.
(1998), LMC and SMC Cepheids by Gieren et al. (1999),
as well as MW, LMC, and SMC Cepheids by Pejcha &
Kochanek (2012). Rotation and metallicity affect the PR-
relation relatively weakly, despite the significant impact of
either effect on radius and period predicted for a model of
a given mass (lower metallicity: smaller radius; faster rota-
tion: larger radius).
Overall, the predicted relations agree very well with ob-
servations, despite large scatter among empirical results.
This scatter may be partially explained by difficulties re-
lated to the projection factors needed to translate observed
radial velocities into pulsational velocities (e.g. Nardetto
et al. 2007; Anderson et al. 2016; Breitfelder et al. 2016).
The short period end matches particularly well for so-
lar metallicity, although the three longest period Cepheids
by Gieren et al. (1998) are systematically offset to larger
radii. We further find that the empirical radii determined
via a global modeling effort of many Cepheids (Pejcha &
Kochanek 2012) tend to cluster near our predicted red
edge PR-relations. However, period-Teff distributions by the
same authors show the opposite trend, i.e., they cluster
blueward of our hot edge (see Sec. 3.6). Unfortunately, ra-
dius and Teff are not independent parameters in this study,
and more empirical data is needed to investigate this point
in more detail. Interferometric observations together with
Gaia parallaxes will soon provide a much more detailed
view of the period-radius relation.
3.6. Period-Temperature Relation
The finite width of the IS naturally leads to a period-
temperature relation, which has been a subject of extensive
research (e.g. Sandage 1958; Sandage et al. 2009) in the con-
text of discussing the intrinsic dispersion of the PLR. While
the observed dispersion tends to be dominated by redden-
ing and extinction, the theoretical arguments for a signif-
icant period-color (or temperature) relation remain valid
(e.g. Maeder 2009).
As Fig. 6 shows, low metallicity models are hotter at
fixed period than their high-metallicity counterparts. In
Figure 12, we thus compare our predicted log P and logTeff
relations with empirical results from (1) spectroscopically-
determined Teff of Galactic Cepheids (Luck & Andrievsky
2004; Kovtyukh et al. 2005; Andrievsky et al. 2005) and
(2) empirically inferred (by means of global pulsation mod-
eling) mean temperatures by Pejcha & Kochanek (2012).
While this provides a useful comparison, it is important to
remember that there are conceptual differences between Teff
derived from spectral lines and Teff predicted by the mod-
els. To wit, the temperatures of our models are computed
from the Stefan-Boltzmann law, i.e., Teff corresponds to the
total power emitted per surface area, whereas spectroscopic
temperatures depend on the temperature stratification over
spectral line forming regions.
For Galactic metallicity, the comparison between the-
ory and data is very good. On the other hand, the data
for LMC and SMC Cepheids (Pejcha & Kochanek 2012)
become increasingly discrepant with decreasing metallicity.
Since R and Teff are not independently determined in the
study by Pejcha & Kochanek (2012) this apparent discrep-
ancy is likely related to the apparent discrepancy in the
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Fig. 9. Period-age relations for fundamental mode (top panels) and first overtone (bottom panels) Cepheids with ω = 0.5 (average
rotation), ordered by metallicity as labeled, cf. Tab. 4. Relations are fitted separately on second (dashed lines) and third (solid
lines) crossings near the hot (blue) and cool (red) IS edge over the range of periods predicted (cf. Sec. 3.2). Yellow lines represent
IS-averaged relations, and black solid lines are averaged over IS position and crossing. Dotted cyan line shows the relations by
Bono et al. (2005) that do not account for rotation, plotted for the arbitrary period range of 1 − 100.. Shorter cyan dashed lines
show the impact of the IS width (Bono et al. 2005, table 7) for fundamental mode Cepheids. Ages based on our crossing average
relations (black solid lines) are older than ages based on these literature relations by ∆ log t ∼ 0.2 at a period of 10 days.
Fundamental Modes First Overtones
Z Xing αb βb αr βr α β αb βb αr βr α β
FU Blue Edge FU Red Edge FU IS avg 1O Blue Edge 1O Red Edge 1O IS avg
0.014 2nd -0.702 8.481 -0.573 8.527 -0.532 8.393 – – -0.764 8.538 -0.713 8.432
3rd -0.692 8.520 -0.599 8.623 -0.641 8.551 – – -0.778 8.65 -0.666 8.475
0.006 2nd -0.675 8.444 -0.696 8.727 -0.706 8.654 -0.695 8.346 -0.793 8.665 -0.823 8.622
3rd -0.656 8.497 -0.620 8.685 -0.671 8.653 -0.671 8.394 -0.804 8.713 -0.840 8.694
0.002 2nd -0.896 8.610 -0.916 8.844 -0.827 -0.859 8.706 8.41 -1.166 8.873 -1.065 8.726
3rd -0.833 8.793 -0.784 8.960 -0.803 8.869 -0.892 8.694 -0.798 8.803 -0.839 8.763
FU Xing avg 1O Xing avg
0.014 avg -0.592 8.476 -0.633 8.406
0.006 avg -0.665 8.628 -0.825 8.651
0.002 avg -0.840 8.794 -0.961 8.768
Table 4. Period-age relations (log t = α · log P + β) for ω = 0.5, i.e., average initial rotation, for second and third IS crossings, cf.
Fig. 9. Relations for unknown location within the IS, and also for unknown crossings are also provided. See text for important
caveats regarding the use of period-age relations, which depend significantly on initial rotation rate ω, as well as on IS crossing
and IS position.
period-radius relation discussed in Sec. 3.5. For the SMC,
where the discrepancy is largest, we find that an offset of
∆ logTeff ∼ 0.025 would be required to match predictions
and empirical results. Such an offset is easily compensated
by a change in radius of ∆ logR ∼ 0.05, which would pre-
serve the same luminosity and is certainly consistent with
the apparent discrepancy of radii shown in Fig. 11. Unfor-
tunately, we are at this point unable to conclude whether
the empirical results by Pejcha & Kochanek (2012) or our
predictions require adjusting to resolve the matter.
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Fig. 10. Period age relations as function of different initial rotation rate and metallicity, averaged over 2nd and 3rd crossing and the
width of the instability strip. The cyan lines show PA-relations from Bono et al. (2005) for similar metallicities (Z = 0.02, 0.01, 0.004)
plotted for a fixed log P range. Our models are shown only for the period-range accessible from the computed models. Non-rotating
models are shown in red, average rotation in black, and fast in blue.
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Fig. 11. Period-radius relations for fundamental-mode pulsation at the hot and cool IS boundaries (blue and red lines) for models
with average rotation (ω = 0.5), for different metallicities. Second crossings are shown as dashed lines, third crossing as solid lines.
We compare our predictions to radii empirically-determined by Gieren et al. (1998, MW only, blue errorbars), Pejcha & Kochanek
(2012, black errorbars), and Gieren et al. (1999, green squares, LMC & SMC).
3.7. Rates of Period Change
Here we take a look at the rate with which Cepheid pulsa-
tion periods are predicted to change due to secular evolution
based on our results.
The predicted rates of period change depend quite sig-
nificantly on rotation, although no clear pattern emerges.
Non-rotating models tend to indicate faster P˙ than rotating
models, although P˙ does not monotonously depend on ω.
First overtone models exhibit much faster (a factor of a few
up to 10) higher P˙ than fundamental mode models. This
is consistent with first overtone pulsators exhibiting faster
and more erratic period changes than fundamental mode
Cepheids (Poleski 2008). Very long-period Cepheids, i.e.,
those which cross the IS only once (cf. Sec. 2.1) are nicely
consistent with an extension of P˙ observed for shorter pe-
riods. The rotation dependence of P˙ provides a simple ex-
planation for the observed scatter in the P˙ - P relation.
Our predicted P˙ values are in general agreement with
predictions by Fadeyev (2014), although our rotating mod-
els appear to better reproduce the slope (and dispersion)
of the observed P˙. Moreover, our models start to devi-
ate significantly from Fadeyev (2014) for very long-period
Cepheids (log P & 1.7).
We compare predicted P˙ to empirical values from the
following sources. David Turner (private communication)
kindly provided a recent update of his observational data
for Galactic Cepheids (Turner et al. 2006), comprising
66 Cepheids with negative recorded period changes (2nd
crossing Cepheids) and 124 Cepheids with positive period
changes (1st or 3rd crossing). For the LMC, we use the sam-
ple of fundamental-mode Cepheids (160 Cepheids with pos-
itive period changes, 184 negative) by Pietrukowicz (2001)
based on OGLE-II data (Udalski et al. 1997). For the SMC,
we use 213 Cepheids with positive and 285 Cepheids with
negative P˙ as listed in Pietrukowicz (2002). Poleski (2008)
cautions that P˙ values derived from insufficiently long tem-
poral baselines are not necessarily suitable for comparisons
with stellar evolution models, since such P˙ values can be
dominated by short-term fluctuations rather than secular
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Fundamental Modes First Overtones
Z Xing αb βb αr βr α β αb βb αr βr α β
FU Blue Edge FU Red Edge FU IS avg 1O Blue Edge 1O Red Edge 1O IS avg
0.014 2nd 0.710 1.144 0.654 1.157 0.652 1.180 – – 0.719 1.225 0.708 1.246
3rd 0.689 1.152 0.657 1.144 0.674 1.150 – – 0.720 1.208 0.699 1.241
0.006 2nd 0.722 1.133 0.677 1.115 0.687 1.124 0.754 1.217 0.743 1.185 0.751 1.191
3rd 0.679 1.166 0.666 1.124 0.684 1.123 0.720 1.236 0.741 1.180 0.749 1.183
0.002 2nd 0.755 1.110 0.725 1.081 0.721 1.106 0.746 1.230 0.795 1.152 0.781 1.177
3rd 0.730 1.091 0.706 1.061 0.716 1.079 0.788 1.164 0.756 1.154 0.768 1.160
FU Xing avg 1O Xing avg
0.014 avg 0.665 1.164 0.695 1.251
0.006 avg 0.683 1.126 0.749 1.188
0.002 avg 0.737 1.078 0.795 1.154
Table 5. Period-radius relations (logR/R = α · log P + β) of fundamental mode and first overtone Cepheids based on models with
average initial rotation, for second and third IS crossings along the blue and red edge, as well as for relations averaged over IS
position alone (crossing separate), and IS position plus crossing number together, cf. Fig. 11.
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Fig. 12. Period-(average) effective temperature relations for fundamental mode Cepheids based on models with average rotation
(ω = 0.5) and different metallicities. We show predictions at the blue and red IS edges in same colors, IS-averaged relations in
yellow, and averages over crossing and IS position in black. Dashed lines represent second crossings, solid lines third crossings.
We also show spectroscopically-determined Teff of Galactic Cepheids (left panel, where red, yellow, and green errorbars correspond
to data from Luck & Andrievsky 2004; Kovtyukh et al. 2005; Andrievsky et al. 2005). We plot their phase-averaged values as
larger symbols with standard errors and the individual (phase-resolved) measurements as smaller circles of the same color. Average
effective temperatures inferred by global modeling for Galactic, LMC and SMC Cepheids (Pejcha & Kochanek 2012) are shown as
small black error bars. See text in Sec. 3.6 for a discussion of the mismatch at lower metallicities.
evolution (see also Berdnikov et al. 2000, 2009). Studies of
P˙ over longer temporal baselines would be very useful for
more accurate tests of stellar models.
We show this comparison for first overtone and funda-
mental mode pulsators with the above empirical data in
Figure 13, ordered by metallicity. Qualitatively, our pre-
dictions indicate that virtually all Cepheids are observed
during the second or third crossing as expected by virtue
of the fast evolution along the Hertzsprung gap. The best
candidates for first crossing Cepheids are Polaris, DX Gem,
BY Cas, and HD 344787 (= BD+22 3786) (Turner et al.
2013). Two Cepheids (SZ Cas and AQ Pup) with periods
longer than 10 d are found relatively close to the predicted
first crossing range, although their location in the dia-
gram also agrees with a third crossing and/or overtone
pulsation. As argued in Anderson et al. (2014), high-mass
Cepheids are more likely to be observed on first crossings
than low-mass Cepheids, since the first crossing timescale
is fractionally larger compared to other crossings in high-
mass Cepheids. A more detailed investigation of SZ Cas and
AQ Pup could be of interest to clarify their evolutionary
status and pulsation mode.
Our predictions are in excellent agreement especially for
short-period Cepheids (log P < 0.8) on the third crossing
and most Cepheids on the second crossing. However, for
the low-metallicity (SMC) long-period Cepheids, our results
predict apparently excessive P˙ on the third crossing.
Overall, Fig. 13 indicates very good agreement between
our results and observations over the full range of metallic-
ities, with some obvious shortcomings for long-period SMC
Cepheids. The effect of rotation on P˙ is discernible, albeit
not expressed linearly. As is the case for luminosity (An-
derson et al. 2014), rotation can both increase (up to a
point) and decrease (beyond a maximal increase) the pre-
dicted rate of period change at a fixed period. This pattern
is most likely due to the competing mixing and hydrostatic
effects in rotating stars.
Since rotation affects both luminosity and P˙, it should
be possible to infer the initial (i.e., ZAMS) rotation rate
of Cepheid progenitors. A first such test was recently done
for the prototype δCephei (Anderson et al. 2015) based
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Fig. 13. Comparison between predicted and empirical rates of period change, P˙. Fundamental mode models are shown as thicker
lines, first overtones as thinner lines. Initial rotation velocity is color coded: non-rotating models are red, average rotation black,
fast rotation blue. Left hand panels show increasing periods (first, dashed-dotted lines, and third crossings, solid lines), right hand
panels decreasing periods (second crossings). Metallicity decreases from top to bottom: Z = 0.014 and data for Galactic Cepheids
(Turner et al. 2006) with first crossing candidates Polaris, BY Cas, DX Gem, and HD 344787 highlighted as yellow filled circles
(Turner et al. 2013); Z = 0.006 and data from LMC Cepheids by Pietrukowicz (2001); Z = 0.002 and data from SMC Cepheids by
Pietrukowicz (2002). Theoretical P˙ − P relations by Fadeyev (2014) and Fadeyev (2013) are shown as green dotted lines for 1st
crossings and green dashed lines for 3rd crossings, where available.
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on the evolution of the average density, rather than the
pulsation period. With the present model predictions, it
will be possible to make such comparisons more accurately
in the near future.
4. Discussion
In the preceding sections, we have compared our predic-
tions of the IS borders in the HRD, as well as relations
between period and luminosity, radius, effective tempera-
ture, and period changes with observations based on Galac-
tic, LMC, and SMC Cepheids, finding generally very good
agreement. These observational tests of our models are im-
portant for improving the understanding of mixing pro-
cesses in intermediate-mass stars and their impact on the
evolutionary paths. Likewise, demonstrating agreement be-
tween predictions and observations corroborates other pre-
dictions that are more difficult to test directly, or with suffi-
cient accuracy. In the following, we discuss the implications
of our work in terms of the Cepheid mass discrepancy, in-
vestigate various effects impacting the PLR, and show for
the first time that the flux-weighted-gravity-luminosity re-
lation (FWGLR) provides an additional means for deter-
mining precise distances to Cepheids using spectroscopy.
4.1. The Cepheid mass discrepancy
A long-standing issue in stellar evolution are mass dis-
crepancies that have been identified in particular in
intermediate- and high-mass stars. The “symptom” of a
mass discrepancy is that evolutionary models yield system-
atically higher masses than other means for determining
stellar masses (Christy 1968; Stobie 1969a,b,c; Keller 2008;
Pietrzyn´ski et al. 2010; Prada Moroni et al. 2012). From
a stellar evolution modeling perspective, mass discrepan-
cies can be “solved” either by increasing luminosity at fixed
mass, or allowing for strong mass-loss in order to reduce
the present-day mass at fixed luminosity. To achieve the
former type of “solution” generally requires to increase the
effective size of the convective core. Two main mechanisms
are available to this end: convective overshooting and rota-
tional mixing.
In Anderson et al. (2014) we argued that a combination
of rotation and crossing number indeed offers a viable ex-
planation for the currently accepted level to which masses
are discrepant, i.e., 10 − 20% (e.g. Keller 2008).
In Fig. 14, we provide an updated view of Anderson et al.
(2014, Fig.7), plotting directly-measured masses of Galac-
tic and LMC as a function of period and comparing them
to our model predictions for fundamental mode pulsation.
The figure clearly shows the superior agreement of models
with average rotation compared to models with no rotation.
The finite mass-resolution of our model grid unfortunately
limits our ability to predict pulsation periods of the lowest-
mass models (see discussion in Sec. 3.2). The mass-period
relations on the blue edge do not extend to low masses for
LMC metallicity, since the blue loops of these models turn
back towards the red giant branch before crossing the blue
IS boundary. Additional directly measured Cepheid masses,
especially of long-period Cepheids, in addition to a finer
model grid towards lower masses are required to improve
this comparison. Projects involving long-baseline interfer-
ometry (e.g. Gallenne et al. 2014) and astrometric orbits
with Gaia will soon significantly improve this situation.
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Fig. 14. Predicted Cepheid masses against fundamental
mode pulsation period compared to model-independent Cepheid
masses from (Evans et al. 2006, 2008, 2009, 2011, and references
therein) for Galactic Cepheids (upper panel), and masses for
LMC Cepheids (lower panel) in eclipsing binary systems from
the Araucaria project (Pietrzyn´ski et al. 2010, 2011; Gieren et al.
2014, 2015). Upper panels are for solar metallicity, and lower
panels for LMC metallicity, whereas left panels show models
without rotation and right panels those with average rotation
(ω = 0.5). Relations are shown separately for first (dash-dotted),
second (dashed) and third crossing (solid). Red lines represent
the cool edge, blue lines the blue IS edge. Observational data
for fundamental mode Cepheids is plotted as black squares with
errorbars, overtone pulsators as green squares with errorbars.
OGLE-LMC-CEP-1812 (yellow hexagon, LMC) is an expected
outlier as there is evidence it may have undergone a merger and
does not appear to be a classical Cepheid (Neilson et al. 2015).
Note that blue loops of low-mass LMC models do not cross the
blue IS edge, hence only red boundary predictions can be shown.
4.2. Dependence of the PL-relation on IS position, crossing,
metallicity, and rotation
In Sect. 3.3, we have compared the predicted PLRs in four
different photometric passbands (or combinations thereof)
and found excellent agreement with observations over the
full range of metallicities. Here, we discuss the relative im-
pact of the four most relevant effects that introduce scatter
in observed period-luminosity distributions of Cepheids in
complex stellar populations.
Besides initial mass, there are four main quantities that
impact the predicted pulsation period and luminosity of
a given classical Cepheid: (i) the position within the IS;
(ii) the crossing number; (iii) metallicity; (iv) the initial
(ZAMS) rotation rate, ω. Each of these effects act on
Cepheids at an individual level, thus causing scatter in ob-
served P-L distributions. In the following, we investigate
these effects separately using PLRs averaged over the ef-
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fects not to be considered at this point. For instance, when
considering the effect of the IS width on the PLR, we de-
termine the PLRs for models on any crossing and with any
initial rotation rate. In general, we use Solar metallicity
models for these comparison. To study the effect of metal-
licity, we consider LMC and SMC relations relative to Solar,
averaged over all ω, crossings, and the IS width. To further
facilitate comparison with experimental work, we carry out
this comparison in four different photometric pass-bands or
filter combinations: V-band, H-band, and Wesenheit indices
WVI and WH,VI . Of course, extinction, which provides an ad-
ditional motivation for using Wesenheit indices in empirical
studies, is not included in our models.
We compute magnitude differences as function of pul-
sation period for each of the four effects mentioned above.
For instance, to understand the (maximal) impact of the
IS width, we compute the difference in magnitudes for blue
and red IS edge average PLRs, and so on. We thus illustrate
the relative importance of neglecting IS width, crossing,
metallicity, and rotation as a function of the filter com-
bination used in Figure 15. It should be noted that these
magnitude differences are much larger than what is to be
expected for observed PLR scatter of real Cepheid popula-
tions, since (1) observed PLR scatter represent a dispersion
around a mean, whereas this comparison explores the max-
imal difference, e.g. between the two edges of the IS; (2) no
assumption on the true distribution, e.g. of metallicity or
initial rotation rates, is made, although initial rotation rates
are not uniformly distributed and Cepheids in real popula-
tions will exhibit some differences in chemical composition.
Population synthesis is required to predict the dispersion
of realistic stellar populations, and we plan to carry out
such simulations in the future using SYCLIST (Georgy et al.
2014). Similarly, population synthesis is also required to in-
vestigate whether our models indicate any non-linearities
(breaks) in PLRs (see Inno et al. 2013; Bhardwaj et al.
2016, and references therein).
In most filters, the width of the IS is the dominating
contribution to uncertainties in the PLR (Fig. 15), leading
to brighter Cepheids for hotter temperatures. At a period of
∼ 10 days, the difference of the PLR near the blue and red
edges is approximately 1 mag in V-band, 0.4 mag in both H-
band and WVI , and 0.3 mag in WH,VI . Reducing the width of
the IS by using Wesenheit indices or H−band photometry is
thus an elegant way of reducing the intrinsic scatter of the
PLR, in addition to rendering observations less sensitive to
reddening (see also Bono et al. 2010).
The metallicity effect of the PLR is opposite to the ef-
fect due to the IS boundaries, yielding fainter Cepheids for
lower metallicity models as period increases. Interestingly,
the PLR difference due to metallicity is roughly equal to
the difference due to the width of the IS at short periods
(log P ∼ 0.4). In H-band as well as both Wesenheit indices,
this difference becomes noticeably smaller than in V-band
and develops a nearly opposite slope to the IS width effect.
Specifically, it is noteworthy that the metallicity effect on
the PLR vanishes for certain periods, e.g. near log P = 1
in V−band, 1.2 (16 d) in H and WVI , and 1.4 (25 d) in
WH,VI . In essence, this effect is much weaker than the IS
width for all periods longer than 10 d. We note that the
period-dependence of the PLR’s metallicity dependence im-
plies that the observed distance bias to a given sample of
Cepheids (e.g. in distant galaxies) depends on the sampled
period distribution as well as the filter set used. This is
important when aiming to quantify the metallicity effect
on distance moduli derived from Cepheids (e.g. Kennicutt
et al. 1998; Sakai et al. 2004; Romaniello et al. 2008, and
references therein).
The crossing number affects the PLR most strongly in
optical passbands. While the luminosity difference between
2nd and 3rd crossing is reduced in WVI , the H−band ap-
pears to be an even better choice in this regard. Combining
H−band and V − I color in the WH,VI index leads to the
weakest impact of crossing differences.
Figure 15 also shows for the first time the effect of ro-
tation on the PLR, to which we alluded in prior work
(Anderson et al. 2014). As discussed there and in Sec. 2.1
above, rotating models predict more luminous Cepheids for
a given initial mass than non-rotating models. However,
this relationship is not monotonous due to competing mix-
ing (luminosity-increasing) and hydrostatic (luminosity de-
creasing) effects, with a maximal luminosity for ω ∼ 0.5.
Similarly, rotating models have lower luminosity than non-
rotating models at a given period. This is markedly different
from the effect of rotation on the mass-luminosity relation,
where rotating models have higher luminosity for a given
mass than models without rotation. This behavior is to be
expected since the PLR is a projection of the PL-Teff rela-
tion, which results from the mass-luminosity relation and
the pulsation equation P ∝ 1/√ρ¯ (Ritter 1879), see also
Maeder (2009).
While rotation consistently has the weakest effect on
the PLR of all the effects considered, it is the only effect
that grows towards longer wavelengths. Similarly to the op-
posite effects of IS width and metallicity, rotation acts in
opposition to the crossing effects (V−band is an exception
here).
While it has previously been known that Wesenheit in-
dices collapse the width of the IS, our work shows that such
filter combinations also reduce the impact of other effects
such as the luminosity span of blue loops (difference be-
tween crossings) and even rotation. Among the filter combi-
nations explored here, the Wesenheit index WH,VI is an ideal
choice to minimize the intrinsic scatter of the PLR (see also
Fiorentino et al. 2013). From the point of view of limiting
the intrinsic scatter of observed PLRs, we recommend the
period range 0.8 . log P . 1.4. Observations in WH,VI in this
period range are predicted to show the least scatter due to
the physical properties of the Cepheids, and are ideal due
to the H−band’s natural insensitivity to extinction, and the
Wesenheit index’s “reddening-free” nature.
4.3. The Flux-Weighted Gravity-Luminosity Relation for
classical Cepheids
Kudritzki et al. (2003) (see also Kudritzki et al. 2008) pro-
posed the use of a new empirical relation for distance de-
terminations of blue supergiants, the flux-weighted-gravity-
luminosity relation (FWGLR). This relation links the bolo-
metric luminosity of a star with a factor defined as g/T 4eff,4,
where g is the surface gravity and Teff,4 the effective tem-
perature expressed in units of 10 000 K. The spectroscopic
determination of the quantity g/T 4eff,4 provides access to
the intrinsic luminosity of the star using a well-calibrated
FWGLR and thus to its distance. As shown by Kudritzki
et al. (2003), blue supergiants obey a very tight relation
between luminosity and the quantity g/T 4eff,4.
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Fig. 15. Effects of IS position, IS crossing, metallicity, and rotation on the PLR. The abscissa shows δ = Mp1−Mp2, where p1 and p2
correspond to the effects as labeled: blue minus red edge, 3rd minus 2nd crossing, etc. Panels from left to right for V-band, H-band,
and the Wesenheit indices WVI and WH,VI . Cyan solid lines show the effect of IS position (blue edge minus red edge), yellow lines
show metallicity effects for Z=0.014 minus Z=0.006 (dashed) and Z=0.002 (solid). Magenta solid lines show the effect of Cepheids
on a 3rd minus 2nd crossing. Black solid line shows the effect of rotation for average rotation relations minus non-rotating Cepheids.
Interestingly, the effects of rotation and crossing number are of similar size with opposite sign. Note also the period-dependence of
all the effects, in particular of metallicity and crossing number.
Z = 0.014 Z = 0.006 Metallicity
log P blue - red blue - red 0.014 - 0.006
WVI WH,VI WVI WH,VI WVI WH,VI
0.301 -0.190 -0.101 -0.342 -0.299 -0.157 -0.152
0.390 -0.212 -0.123 -0.356 -0.308 -0.149 -0.145
0.480 -0.234 -0.144 -0.369 -0.317 -0.141 -0.138
0.569 -0.257 -0.165 -0.383 -0.326 -0.133 -0.131
0.659 -0.279 -0.186 -0.397 -0.335 -0.124 -0.124
0.748 -0.301 -0.207 -0.411 -0.344 -0.116 -0.117
0.838 -0.324 -0.228 -0.425 -0.353 -0.108 -0.110
0.927 -0.346 -0.250 -0.439 -0.362 -0.100 -0.103
1.016 -0.368 -0.271 -0.453 -0.371 -0.091 -0.096
1.106 -0.390 -0.292 -0.466 -0.380 -0.083 -0.089
1.195 -0.413 -0.313 -0.480 -0.389 -0.075 -0.082
1.285 -0.435 -0.334 -0.494 -0.397 -0.067 -0.075
1.374 -0.457 -0.356 -0.508 -0.406 -0.059 -0.067
1.463 -0.479 -0.377 -0.522 -0.415 -0.050 -0.060
1.553 -0.502 -0.398 -0.536 -0.424 -0.042 -0.053
1.642 -0.524 -0.419 -0.550 -0.433 -0.034 -0.046
1.732 -0.546 -0.440 -0.563 -0.442 -0.026 -0.039
1.821 -0.568 -0.462 -0.577 -0.451 -0.017 -0.032
1.911 -0.591 -0.483 -0.591 -0.460 -0.009 -0.025
2.000 -0.613 -0.504 -0.605 -0.469 -0.001 -0.018
Table 6. Tabulated PLR differences due to the finite width of
the IS, calculated as blue edge minus red edge, and due to metal-
licity differences as Solar minus LMC metallicity for Wesenheit
indices WVI and WH,VI as shown in Fig. 15. For a fixed period,
Cepheids near the blue edge are brighter than those near the
red edge, and Solar metallicity Cepheids brighter than LMC
metallicity Cepheids, hence the tabulated magnitude differences
are negative.
For a class of stars to obey such a relation, two condi-
tions must be met. First, within the class, stars of a given
initial mass should exhibit little variation in both luminos-
ity and (current) mass, so that a given initial mass star
in the class can be associated to a well defined luminosity
and vice-versa. Second, stars of the class considered should
follow a well-defined luminosity-to-mass relation5.
Recently, Meynet et al. (2015) studied the possible
sources of scatter in the FWGLR of blue supergiants from
a theoretical point of view and reached two conclusions:
(i) the FWGLR for blue supergiants is a robust relation
that exhibits little dependence on many intricacies of stellar
models; (ii) the very small observed scatter provides inter-
esting constraints on the post Main-Sequence evolution of
massive stars. Specifically, they showed that the observed
small scatter is incompatible with many blue supergiants
having evolved to their blue location as a result of strong
mass loss during a previous red supergiant phase. Here we
investigate the FWGLR in the context of classical Cepheids
to address the following questions: Do Cepheids follow such
a relation? Is the FWGLR useful for determining distances,
and/or for constraining stellar models?
In Fig. 16, we compare our predicted FWGLRs and
PLRs based on our analysis. The upper panel shows all
predictions listed in Tables A.1 through A.3. We thus find
the scatter of the FWGLR to be much smaller than the ex-
pected scatter of the PLR. In particular the shift in Mbol at
a fixed period due to the width of the IS is greatly reduced
in the FWGLR, and independent of the crossing considered.
5 This is because g/T 4eff,4 ∝ M/L.
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The fact that the FWGLR can be constructed from
spectroscopy means that information on the current sur-
face abundances (as a proxy for initial metallicity) can be
obtained at the same time. Hence, it is possible to construct
FWGLRs for specific metallicities. As the lower left panel
of Fig. 16 shows, the scatter in the FWGLR is further re-
duced when a single metallicity is considered. We thus find
that Cepheid models do follow a very well defined FWGLR,
answering our first question.
To answer the second question whether the FWGLR is
useful in terms of distance determinations of Cepheids, we
consider the benefits and shortcomings of such an approach.
The primary advantages are that the FWGLR is intrinsi-
cally much tighter than the PLR and that the (weak) de-
pendence on metallicity can be dealt with explicitly and
simultaneously, see above. However, the main drawback
of the method is its need for time-resolved high-resolution
spectroscopy, which makes it observationally more expen-
sive than photometric methods. Future extremely large tele-
scopes (ELTs) with their advanced capabilities such as AO-
assisted spectroscopy and large collecting surface may en-
able applications of this method to extragalactic Cepheids
well beyond the Magellanic Clouds.
Apart from its possible distance applications, the
FWGLR provides interesting constraints for stellar mod-
els, in particular with respect to the mass discrepancy (cf.
Sec. 4.1), since g/T 4eff,4 ∝ M/L. Hence, spectroscopically de-
termined log g and Teff can be compared to evolutionary Teff
and gravity (as derived from the predicted mass and radius,
assuming sphericity).
Figure 17 shows this comparison using data from Luck
& Andrievsky (2004), Kovtyukh et al. (2005), and An-
drievsky et al. (2005) using both their phase-dependent
and phase-averaged values. The identical data treatment
and phase-resolved measurements provided by these au-
thors renders their measurements ideal for this compari-
son. We thus find very good agreement between predicted
and empirical FWGLRs for periods shorter than approx. 10
days. For longer periods, however, the predicted FWGLR
tends to yield systematically higher values. We have not in-
cluded here the measurements by Takeda et al. (2013), since
these authors report a possible systematic uncertainty in
their spectroscopic log g values, which leads to g/T 4eff,4 val-
ues in conflict with the observations by Luck, Andrievsky,
Kovtyukh, et al.
One possible explanation for this apparent mismatch is
that higher-mass Cepheids (>∼ 8 M) have higher spec-
troscopic masses than evolutionary masses, i.e., that an in-
verted mass discrepancy exists in this mass range. However,
this possibility can almost certainly be readily excluded,
since it would require an increase of the mass deduced from
the stellar models by approximately a factor of 2 to recon-
cile the evolutionary with the spectroscopic masses, which
seems unreasonable.
A more likely explanation for the mismatch at longer
periods could be related to systematics involved in the spec-
troscopic measurements. Long-period Cepheids have larger
radii and increasingly diluted atmospheres, where non-LTE
effects and sphericity become increasingly important. More
generally, there is also a conceptual difference between the
optical-depth dependent temperature distribution respon-
sible for the spectral characteristics and the effective tem-
perature defined by the total power emitted by surface
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Fig. 17. FWGLR for classical fundamental mode Cepheids:
predictions (lines, Z = 0.014) and observations (circles). Line
styles (dash-dotted, solid, and dashed) represent different ini-
tial rotation rates (non-rotating, average, fast), and crossing
numbers (first, second, and third) are shown with different col-
ors (magenta, cyan, and black). Data shown are from: Luck &
Andrievsky (2004); Kovtyukh et al. (2005); Andrievsky et al.
(2005). Phase-dependent data are drawn as transparent circles.
Phase-averaged values are shown as errorbars with rough es-
timates of uncertainties (standard deviation of individual val-
ues, centered on center value of observed range). Agreement be-
tween predictions and observations is excellent for periods below
10 d. Periods longer than 10 d (yellow errorbars, data from Kov-
tyukh et al. 2005) appear systematically offset to lower values
of log (g/T 4eff,4).
area via the Stefan-Boltzmann law (see e.g. Gray 2005,
Chap. 14). Further research into these areas would provide
a welcome opportunity to directly test the M-L relations
of Cepheids, thereby providing important tests of the mix-
ing and transport mechanisms acting in intermediate and
high-mass stars.
5. Conclusions
We here present the first pulsational instability analysis of
stellar evolution models that include a treatment of rota-
tion for the mass range relevant for classical Cepheid vari-
able stars. Our models (Georgy et al. 2013) cover a range
of metallicities corresponding to the values of the Sun, the
LMC, and the SMC, and three different initial rotation
rates (non-rotating, average rotation, fast rotation). Our
analysis includes both fundamental mode and first over-
tone pulsation. We determine hot and cool (blue and red)
boundaries of the classical IS via a linear non-adiabatic ra-
dial pulsation code that takes into account the perturbation
of convective flux due to pulsations. We find that this per-
turbation, while required to model the red IS edge, is also
required to accurately reproduce the location of the blue IS
edge. We do not find a strong dependence of the blue IS
edge on rotation, and only a weak dependence on metallic-
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Fig. 16. Comparison between the FWGLR (left panels) and the PLR (right panels). We show bolometric magnitudes of Cepheids
of different initial masses as a function of g/T 4eff,4 (left panels) and as a function of the period (right panels). Differently colored lines
correspond to first (black), second (blue), and third (red) crossing. The points along the lines correspond to the position of various
initial mass stellar models (increasing from left to right). The filled squares correspond to the entry point in the IS and the filled
disks to the exit point. The upper panels show the situation when all the stellar models for different initial masses, metallicities
and rotations are plotted, that means all the models shown in Tables A.1 to A.3. The lower panels show only solar metallicity
models.
ity. The red edge, however, is slightly more strongly affected
by both effects.
We treat rotation as a purely evolutionary effect, i.e.,
mechanical effects are not included as additional perturba-
tions in the computation of pulsation periods. Within the
derived IS boundaries, we predict pulsation periods and
rates of period change. Using the remaining parameters
from our models, we construct relations between period
and luminosity, age, radius, and temperature. Therefore,
all relations presented here are based directly on the stellar
structures computed, and not on adopted relations, e.g. for
mass and luminosity.
We confront each of these predictions with observations
and find generally excellent agreement, in particular for
PLRs. Notably, we find that our models with rotation tend
to better reproduce observed trends than our models with
zero initial rotation.
We discuss our results with regards to the much dis-
cussed Cepheid mass discrepancy, of which we find no indi-
cation when using models including the effects of rotation.
We confirm that rotation indeed contributes to the intrinsic
scatter of the PLR (Anderson et al. 2014), albeit at a low
level. We discuss the impact of several effects on the PLR,
including the intrinsic width of the IS, the crossing number,
metallicity, and rotation for each of four photometric band-
passes or filter combinations. Based on this discussion, we
find that all these effects are significantly period-dependent
and that the intrinsic scatter of the PLR increases with pe-
riod. We determine that the Wesenheit index WH,VI is an
ideal choice for limiting these dispersing effects in addition
to being insensitive to extinction. Finally, we find that the
period range between 0.8 . log P . 1.4 is ideal in terms of
the various sources contributing to the scatter of the PLR.
We further take a first look at the FWGLR of classical
Cepheids, which we show to form an intrinsically tighter
relation than the PLR. The FWGLR of Cepheid deserves
observational follow-up, since it provides direct tests of the
mass-luminosity relation of Cepheids and provides a poten-
tially interesting, complementary alternative to the PLR
for extragalactic distance estimation.
We find that period-age relations of Cepheids are ex-
pected to exhibit a large scatter due to differences in initial
rotation, crossing number, metallicity, and the width of the
IS. Depending on period, rotation increases Cepheid ages
by approximately ∆ log t ∼ 0.2 − 0.3 compared to period-
age relations that do not take into account rotational mix-
ing effects. This should be taken into account when using
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Cepheid periods for dating star formation events, e.g. in the
Galactic Bulge or in an extragalactic context.
Our predicted rates of period change are in excel-
lent agreement with observations. In particular, rotation
helps to better reproduce the observed distribution and ex-
plains its intrinsic scatter at fixed log P. We confirm that
the Cepheids Polaris, BY Cas, DX Gem, and HD 344787
are likely undergoing a first crossing of the IS based on
their observed rates of period change (Turner et al. 2006,
2013). In general, rotating Cepheids change pulsation more
slowly than non-rotating ones, although this trend does not
monotonously depend on initial rotation rate. This effect
may be understood as being due to a generally slower sec-
ular evolution for rotating stars (rotating stars live longer
and spend more time in the IS).
For long-period Cepheids, additional information be-
sides rates of pulsation period change is required to con-
clude on first or third crossings of the IS. Our models show
that the predicted P˙ values for both crossings approach each
other, before blue loop evolution is eventually suppressed
for higher mass models, i.e., also at longer periods. Crucial
tests for telling crossing numbers include absolute magni-
tudes, e.g. via Gaia parallaxes, and CNO abundances (An-
derson et al. 2014).
In summary, we find that the evolutionary effect of rota-
tion has important consequences for the pulsational proper-
ties of classical Cepheid variable stars, increasing (slightly)
the intrinsic scatter of the crucial PLR, increasing (sig-
nificantly) inferred ages, and altering the way with which
Cepheids change pulsation period during their secular evo-
lution.
We project that initial mass and initial rotation rate can
be inferred by measuring highly accurate absolute magni-
tude (requires high accuracy parallax), color, and rate of
period change (e.g. Anderson et al. 2015). The ESA space
mission Gaia will soon provide highly accurate parallaxes
of thousands of Cepheids (Eyer et al. 2012), thus enabling
even more accurate tests of these models.
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Appendix A: Physical quantities of evolutionary
models at the boundaries of the instability strip
Tables A.1, A.2, and A.3 provide physical quantities of mod-
els entering and exiting the IS for fundamental mode pulsa-
tion for metallicities Z = 0.014, 0.006, and 0.002. Tables A.4
through A.6 provide the same information for first overtone
pulsation. The first integer of each row stands for the ’n-th’
entering into the IS, where ∗ indicates that the evolution
track returns to the same side of the the IS, e.g., where
blue loops do not extend all the way to the position where
the hot IS boundary is to be expected based on models on
first crossings or extrapolation from higher-mass models.
Models labeled as 4th crossings indicate cases where numer-
ical instabilities introduce additional helium into the core,
leading to additional small (likely unphysical) loop patterns
near the blue loop turning point, cf. He-spikes in Sect. 2.1.
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Table A.1. Parameters of fundamental mode pulsation for models entering and exiting IS for Z = 0.014
Entering stage Exiting stage
Xing Mini log t P M logTeff log L Yc Ve N/C N/O log ∆t P logTeff log L Yc Ve
[M] [yr] [d] [M] [K] [L] [km/s] num num [yr] [d] [K] [L] [km/s]
ωini = 0.0
1 2.0 9.012 0.143 2.00 3.872 1.494 0.986 0.0 0.247 0.132 7.096 0.189 3.831 1.486 0.986 0.0
1 2.5 8.743 0.282 2.50 3.851 1.859 0.986 0.0 0.247 0.132 6.017 0.346 3.816 1.826 0.986 0.0
1 3.0 8.518 0.470 3.00 3.833 2.120 0.986 0.0 0.247 0.132 5.341 0.549 3.804 2.086 0.986 0.0
1 4.0 8.193 0.964 4.00 3.819 2.542 0.986 0.0 0.247 0.132 4.754 1.185 3.781 2.495 0.986 0.0
1 5.0 7.955 1.725 5.00 3.804 2.863 0.986 0.0 0.247 0.132 4.356 2.244 3.758 2.812 0.986 0.0
2 5.0 8.010 4.066 4.97 3.743 3.055 0.329 0.0 1.27 0.442 5.758 2.950 3.793 3.094 0.338 0.0
3 5.0 8.030 3.269 4.97 3.790 3.136 0.168 0.0 1.27 0.442 5.859 4.814 3.736 3.109 0.092 0.0
1 7.0 7.628 4.546 7.00 3.776 3.365 0.986 0.0 0.247 0.132 3.602 5.752 3.739 3.331 0.986 0.0
2 7.0 7.674 15.20 6.93 3.684 3.580 0.314 0.0 1.30 0.453 4.951 7.900 3.769 3.611 0.294 0.0
3 7.0 7.697 8.686 6.91 3.769 3.660 0.019 0.0 1.30 0.453 4.598 13.87 3.704 3.627 0.012 0.0
1 9.0 7.426 9.413 8.99 3.759 3.749 0.986 0.0 0.247 0.132 3.269 13.09 3.707 3.701 0.986 0.0
2 9.0 7.465 31.19 8.81 3.680 4.004 0.233 0.0 1.38 0.482 3.994 16.65 3.758 4.023 0.229 0.0
3 9.0 7.479 14.91 8.80 3.764 3.991 0.001 0.0 1.38 0.482 3.918 28.18 3.670 3.913 0.000 0.0
1 12.0 7.192 19.24 11.94 3.752 4.176 0.984 0.0 0.247 0.132 3.093 33.88 3.665 4.091 0.984 0.0
1 15.0 7.065 68.42 14.63 3.722 4.728 0.640 0.0 0.247 0.132 4.340 185.0 3.589 4.646 0.621 0.0
ωini = 0.5
1 2.0 9.108 0.181 2.00 3.858 1.584 0.986 95.9 0.287 0.148 7.188 0.246 3.819 1.593 0.986 79.3
1 2.5 8.833 0.377 2.50 3.842 1.987 0.986 65.5 0.300 0.153 6.068 0.480 3.805 1.963 0.986 55.4
1 3.0 8.614 0.639 3.00 3.828 2.271 0.986 49.8 0.319 0.161 5.440 0.799 3.792 2.239 0.986 42.3
1 4.0 8.283 1.364 4.00 3.811 2.696 0.986 34.5 0.364 0.179 4.854 1.841 3.761 2.646 0.986 27.4
1 5.0 8.046 2.478 5.00 3.796 3.023 0.986 25.8 0.435 0.208 4.401 3.462 3.743 2.973 0.986 19.9
2 5.0 8.085 6.135 4.97 3.719 3.163 0.367 21.7 2.92 0.765 5.878 3.859 3.787 3.214 0.322 30.4
3 5.0 8.094 4.064 4.96 3.788 3.242 0.226 26.5 2.92 0.765 6.409 7.324 3.720 3.253 0.123 11.4
1 7.0 7.715 6.440 7.00 3.772 3.524 0.986 15.3 0.626 0.271 3.789 9.797 3.708 3.472 0.986 11.1
2 7.0 7.747 21.15 6.92 3.672 3.698 0.396 20.5 3.46 0.825 4.718 9.766 3.768 3.728 0.384 41.5
3 7.0 7.765 12.72 6.89 3.756 3.803 0.034 26.8 3.46 0.825 4.900 27.76 3.658 3.757 0.022 11.2
1 9.0 7.503 13.40 8.99 3.754 3.906 0.986 11.8 0.893 0.350 3.461 22.91 3.674 3.828 0.986 7.5
2 9.0 7.528 58.13 8.80 3.631 4.089 0.454 12.1 4.08 0.902 3.981 24.41 3.734 4.131 0.450 46.6
3 9.0 7.546 25.72 8.77 3.739 4.161 0.013 23.4 4.08 0.902 4.268 61.66 3.620 4.073 0.007 4.1
1 12.0 7.273 36.05 11.90 3.734 4.407 0.982 14.5 1.34 0.461 3.404 86.11 3.619 4.327 0.981 5.4
1 15.0 7.140 98.39 14.47 3.714 4.850 0.784 3.8 1.87 0.597 4.694 294.0 3.572 4.799 0.747 1.
ωini = 0.9
1 2.5 8.875 0.434 2.50 3.830 2.046 0.986 119.4 0.702 0.283 6.125 0.596 3.786 2.018 0.986 92.1
1 3.0 8.636 0.645 3.00 3.823 2.277 0.986 94.9 0.841 0.323 5.523 0.841 3.781 2.234 0.986 77.2
1 4.0 8.302 1.295 4.00 3.809 2.671 0.986 66.9 1.15 0.400 4.821 1.693 3.763 2.617 0.986 54.1
1 5.0 8.062 2.236 5.00 3.793 2.961 0.986 50.2 1.64 0.490 4.354 2.976 3.744 2.905 0.986 40.0
2 5.0 8.117 5.935 4.97 3.721 3.158 0.248 33.5 6.21 0.939 6.495 4.608 3.778 3.264 0.264 27.4
3 5.0 8.128 4.380 4.96 3.780 3.247 0.225 24.8 6.21 0.939 5.925 7.214 3.714 3.226 0.119 20.8
1 7.0 7.727 5.059 7.00 3.777 3.426 0.986 33.3 3.01 0.659 3.824 7.681 3.710 3.355 0.986 23.7
2 7.0 7.761 17.35 6.95 3.675 3.621 0.492 31.9 9.57 1.03 4.842 8.527 3.763 3.657 0.481 65.1
3 7.0 7.787 10.83 6.91 3.767 3.770 0.055 36.6 9.57 1.03 5.013 21.78 3.677 3.734 0.036 19.2
1 9.0 7.515 11.79 8.99 3.762 3.875 0.982 20.6 4.82 0.797 3.792 22.02 3.675 3.819 0.981 12.9
1 12.0 7.312 51.88 11.76 3.731 4.562 0.512 14.6 7.33 0.945 4.594 149.3 3.601 4.501 0.492 3.6
1 15.0 7.183 107.6 14.21 3.719 4.907 0.268 3.8 6.84 1.04 4.946 359.2 3.571 4.871 0.258 2.
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Table A.2. Parameters of fundamental mode pulsation for models entering and exiting IS for Z = 0.006
Xing Entering stage Exiting stage
Mini log t P M logTeff log L Yc Ve N/C N/O log ∆t P logTeff log L Yc Ve
[M] [yr] [d] [M] [K] [L] [km/s] num num [yr] [d] [K] [L] [km/s]
ωini = 0.0
1 1.7 9.125 0.121 1.70 3.875 1.370 0.994 0.0 0.247 0.132 7.135 0.162 3.833 1.362 0.994 0.0
1 2.0 8.922 0.192 2.00 3.864 1.634 0.994 0.0 0.247 0.132 6.385 0.244 3.825 1.609 0.994 0.0
1 2.5 8.658 0.332 2.50 3.856 1.974 0.994 0.0 0.247 0.132 5.774 0.438 3.808 1.929 0.994 0.0
1 3.0 8.454 0.565 3.00 3.833 2.230 0.994 0.0 0.247 0.132 5.172 0.694 3.797 2.192 0.994 0.0
1 4.0 8.150 1.156 4.00 3.819 2.650 0.994 0.0 0.247 0.132 4.616 1.488 3.777 2.605 0.994 0.0
2∗ 4.0 8.230 3.455 3.97 3.748 2.923 0.208 0.0 1.24 0.411 6.118 3.293 3.750 2.903 0.097 0.0
1 5.0 7.929 2.109 5.00 3.803 2.973 0.994 0.0 0.247 0.132 4.242 2.889 3.753 2.928 0.994 0.0
1 7.0 7.624 5.282 7.00 3.784 3.483 0.994 0.0 0.247 0.132 3.699 7.860 3.725 3.436 0.994 0.0
2 7.0 7.667 18.34 6.92 3.696 3.724 0.340 0.0 1.18 0.394 4.811 9.540 3.773 3.738 0.323 0.0
3 7.0 7.680 10.30 6.90 3.770 3.761 0.085 0.0 1.18 0.394 5.030 17.08 3.707 3.742 0.063 0.0
1 9.0 7.421 10.17 8.99 3.772 3.855 0.994 0.0 0.247 0.132 3.374 17.11 3.697 3.790 0.993 0.0
1 12.0 7.191 26.33 11.95 3.755 4.353 0.987 0.0 0.247 0.132 3.444 57.30 3.659 4.305 0.985 0.0
1 15.0 7.088 74.50 14.64 3.732 4.812 0.222 0.0 0.247 0.132 4.243 202.2 3.608 4.752 0.206 0.0
ωini = 0.5
1 1.7 9.219 0.146 1.70 3.867 1.458 0.994 97.9 0.351 0.172 7.294 0.205 3.824 1.466 0.994 79.9
1 2.0 9.017 0.251 2.00 3.854 1.750 0.994 75.5 0.384 0.185 6.666 0.337 3.811 1.733 0.994 62.3
1 2.5 8.746 0.455 2.50 3.843 2.099 0.994 53.6 0.411 0.196 5.743 0.608 3.798 2.066 0.994 44.4
1 3.0 8.537 0.763 3.00 3.826 2.366 0.994 41.3 0.463 0.216 5.230 0.991 3.785 2.331 0.994 34.1
1 4.0 8.229 1.586 4.00 3.809 2.778 0.994 29.0 0.589 0.261 4.674 2.205 3.758 2.732 0.994 22.3
2∗ 4.0 8.289 4.626 3.96 3.739 3.033 0.215 19.7 3.31 0.796 6.003 4.640 3.740 3.038 0.131 17.9
3∗ 4.0 8.293 4.859 3.96 3.742 3.070 0.242 16.1 3.31 0.796 5.817 4.721 3.742 3.055 0.168 16.1
1 5.0 8.005 2.853 5.00 3.795 3.102 0.994 21.9 0.773 0.319 4.238 4.048 3.743 3.059 0.994 16.5
2∗ 5.0 8.053 8.767 4.95 3.720 3.349 0.238 14.0 3.64 0.833 6.286 9.962 3.716 3.394 0.128 9.8
3∗ 5.0 8.062 11.07 4.94 3.714 3.439 0.217 9.6 3.64 0.833 5.821 10.52 3.716 3.419 0.105 8.6
1 7.0 7.696 7.140 7.00 3.775 3.606 0.994 13.0 1.17 0.423 3.683 10.97 3.715 3.560 0.994 9.2
2 7.0 7.723 24.64 6.93 3.679 3.797 0.514 18.3 4.49 0.908 4.520 11.70 3.765 3.816 0.507 38.3
3 7.0 7.744 14.38 6.89 3.766 3.912 0.026 22.2 4.49 0.908 4.605 28.28 3.686 3.889 0.018 11.6
1 9.0 7.495 13.95 8.99 3.766 3.990 0.992 10.3 1.65 0.521 3.495 25.84 3.683 3.926 0.991 6.1
2 9.0 7.520 59.44 8.76 3.655 4.194 0.450 14.1 5.28 0.973 3.930 23.45 3.756 4.216 0.447 47.5
3 9.0 7.536 28.12 8.73 3.747 4.246 0.041 20.9 5.28 0.973 4.353 62.76 3.655 4.214 0.034 7.0
1 12.0 7.306 65.84 11.73 3.733 4.685 0.135 3.4 2.35 0.650 4.601 193.4 3.605 4.648 0.111 2.1
1 15.0 7.165 107.2 14.40 3.727 4.949 0.144 2.4 2.80 0.749 4.500 336.9 3.598 4.922 0.121 1.
ωini = 0.9
1 1.7 9.239 0.146 1.70 3.858 1.466 0.994 179.7 1.17 0.366 7.257 0.208 3.815 1.472 0.994 143.9
1 2.0 9.037 0.247 2.00 3.846 1.751 0.994 143.5 1.37 0.412 6.556 0.337 3.803 1.729 0.994 114.7
1 2.5 8.765 0.453 2.50 3.835 2.084 0.994 103.7 1.47 0.448 5.733 0.593 3.793 2.048 0.994 84.5
1 3.0 8.555 0.718 3.00 3.825 2.340 0.994 81.0 1.75 0.504 5.251 0.913 3.785 2.301 0.994 67.2
1 4.0 8.243 1.275 4.00 3.824 2.728 0.994 61.6 2.68 0.633 4.782 1.840 3.762 2.662 0.994 46.0
2∗ 4.0 8.300 3.561 3.98 3.748 2.936 0.374 19.2 8.85 1.02 6.838 4.321 3.745 3.020 0.156 13.1
1 5.0 8.017 2.162 5.00 3.810 3.022 0.994 47.0 4.11 0.765 4.344 3.157 3.749 2.961 0.994 34.9
2 5.0 8.040 5.039 4.99 3.735 3.141 0.785 37.9 11.0 1.07 5.983 3.270 3.799 3.196 0.736 50.2
3 5.0 8.084 5.695 4.96 3.789 3.433 0.080 25.7 11.0 1.07 5.503 10.41 3.715 3.416 0.043 15.1
1∗ 7.0 7.708 6.540 7.00 3.784 3.598 0.986 24.8 8.07 0.967 4.868 6.964 3.782 3.622 0.980 21.5
2 7.0 7.767 16.66 6.94 3.766 3.986 0.026 5.2 8.88 0.994 4.641 36.62 3.674 3.959 0.015 6.4
1 9.0 7.565 37.05 8.94 3.739 4.345 0.014 7.4 14.6 1.13 4.190 89.23 3.637 4.306 0.008 6.3
1 12.0 7.348 77.78 11.58 3.733 4.757 0.312 3.7 23.5 1.33 4.770 238.8 3.599 4.717 0.277 2.
∗ Model returns to same side of IS before crossing next expected boundary.
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Table A.3. Parameters of fundamental mode pulsation for models entering and exiting IS for Z = 0.002
Entering stage Exiting stage
Xing Mini log t P M logTeff log L Yc Ve N/C N/O log ∆t P logTeff log L Yc Ve
[M] [yr] [d] [M] [K] [L] [km/s] num num [yr] [d] [K] [L] [km/s]
ωini = 0.0
1 1.7 9.048 0.156 1.70 3.875 1.518 0.998 0.0 0.247 0.132 6.662 0.213 3.827 1.498 0.998 0.0
1 2.0 8.844 0.243 2.00 3.860 1.756 0.998 0.0 0.247 0.132 6.047 0.319 3.817 1.728 0.998 0.0
1 2.5 8.589 0.431 2.50 3.846 2.084 0.998 0.0 0.247 0.132 5.461 0.572 3.800 2.047 0.998 0.0
1 3.0 8.395 0.680 3.00 3.836 2.351 0.998 0.0 0.247 0.132 5.067 0.914 3.788 2.310 0.998 0.0
2 3.0 8.460 1.697 2.99 3.770 2.560 0.467 0.0 1.22 0.371 6.886 1.233 3.824 2.620 0.306 0.0
3∗ 3.0 8.487 1.378 2.98 3.822 2.670 0.110 0.0 1.22 0.371 6.208 1.543 3.820 2.720 0.231 0.0
4 3.0 8.491 1.422 2.98 3.822 2.684 0.128 0.0 1.22 0.371 6.260 2.189 3.766 2.672 0.055 0.0
1 4.0 8.106 1.296 4.00 3.834 2.780 0.998 0.0 0.247 0.132 4.642 1.984 3.768 2.729 0.998 0.0
2 4.0 8.147 3.391 3.98 3.755 2.950 0.595 0.0 0.990 0.326 6.140 2.317 3.809 2.985 0.519 0.0
3 4.0 8.187 2.996 3.97 3.804 3.100 0.017 0.0 0.990 0.326 5.137 4.792 3.744 3.077 0.008 0.0
1 5.0 7.898 2.601 5.00 3.803 3.098 0.998 0.0 0.247 0.132 4.109 3.672 3.753 3.064 0.998 0.0
2 5.0 7.926 6.179 4.98 3.740 3.268 0.707 0.0 0.861 0.303 5.707 3.835 3.802 3.296 0.690 0.0
3 5.0 7.968 5.527 4.96 3.784 3.407 0.004 0.0 0.861 0.303 4.376 8.505 3.729 3.376 0.001 0.0
1 7.0 7.609 6.572 7.00 3.780 3.596 0.997 0.0 0.247 0.132 3.598 9.984 3.725 3.558 0.997 0.0
2 7.0 7.626 19.26 6.97 3.702 3.772 0.770 0.0 0.920 0.314 4.321 10.32 3.772 3.788 0.765 0.0
3 7.0 7.665 11.79 6.94 3.768 3.837 0.000 0.0 0.920 0.314 3.727 20.09 3.701 3.787 0.000 0.0
1 9.0 7.413 13.19 8.99 3.765 3.973 0.995 0.0 0.247 0.132 3.363 22.30 3.700 3.932 0.994 0.0
2 9.0 7.426 42.55 8.90 3.680 4.141 0.768 0.0 1.05 0.335 3.859 20.31 3.761 4.162 0.765 0.0
3 9.0 7.461 22.59 8.89 3.752 4.169 0.000 0.0 1.05 0.335 3.601 42.84 3.684 4.164 0.000 0.0
1 12.0 7.233 44.00 11.92 3.749 4.587 0.005 0.0 0.247 0.132 3.739 102.2 3.650 4.527 0.002 0.0
1 15.0 7.094 73.33 14.81 3.740 4.858 0.010 0.0 0.247 0.132 3.890 179.4 3.627 4.792 0.005 0.0
ωini = 0.5
1 1.7 9.139 0.193 1.70 3.868 1.621 0.998 76.9 0.608 0.252 6.761 0.276 3.818 1.609 0.998 61.8
1 2.0 8.935 0.305 2.00 3.857 1.877 0.998 60.9 0.702 0.284 6.194 0.428 3.808 1.855 0.998 48.8
1 2.5 8.671 0.562 2.50 3.839 2.204 0.998 42.4 0.808 0.320 5.482 0.770 3.792 2.174 0.998 33.9
1 3.0 8.473 0.823 3.00 3.841 2.478 0.998 35.6 0.992 0.378 5.197 1.256 3.778 2.434 0.998 26.2
2∗ 3.0 8.533 2.655 2.97 3.761 2.753 0.298 13.1 4.17 0.853 6.849 3.174 3.756 2.816 0.113 3.9
3∗ 3.0 8.543 3.317 2.97 3.756 2.839 0.152 4.3 4.17 0.853 5.801 3.280 3.754 2.827 0.110 5.8
4∗ 3.0 8.545 3.844 2.96 3.749 2.887 0.221 23.9 4.17 0.853 6.025 3.534 3.750 2.848 0.128 24.5
1 4.0 8.181 1.791 4.00 3.816 2.883 0.998 23.9 1.30 0.451 4.551 2.636 3.760 2.844 0.998 17.8
2 4.0 8.206 4.334 3.99 3.746 3.032 0.728 13.9 3.90 0.832 6.243 2.940 3.801 3.079 0.641 12.8
3 4.0 8.242 4.720 3.96 3.794 3.288 0.070 3.6 3.90 0.832 5.560 8.407 3.729 3.287 0.039 5.5
1 5.0 7.971 3.171 5.00 3.804 3.208 0.998 18.4 1.72 0.542 4.184 4.884 3.745 3.169 0.997 13.0
2 5.0 7.983 7.320 4.99 3.733 3.322 0.882 13.7 4.15 0.863 5.651 4.610 3.793 3.353 0.852 15.3
3 5.0 8.027 9.153 4.95 3.776 3.625 0.016 3.6 4.15 0.863 4.726 15.48 3.717 3.614 0.009 3.8
1 7.0 7.677 8.321 7.00 3.785 3.736 0.994 10.1 2.60 0.676 3.977 15.31 3.712 3.710 0.992 6.5
2 7.0 7.682 20.99 6.99 3.703 3.825 0.935 16.9 5.49 0.961 4.166 11.24 3.773 3.842 0.933 30.3
3 7.0 7.722 16.81 6.94 3.764 3.996 0.000 20.4 5.49 0.961 3.748 33.51 3.690 3.985 0.000 9.9
1 9.0 7.524 31.83 8.97 3.751 4.338 0.000 5.1 3.52 0.780 3.774 63.90 3.668 4.324 0.000 3.6
1 12.0 7.302 62.44 11.89 3.743 4.725 0.158 4.8 4.06 0.849 3.794 147.4 3.637 4.656 0.000 2.6
1 15.0 7.166 95.53 14.75 3.731 4.943 0.000 3.8 4.25 0.895 4.101 271.4 3.616 4.943 0.000 1.
ωini = 0.9
1 1.7 9.197 0.187 1.70 3.867 1.632 0.998 136.6 5.60 0.659 6.926 0.277 3.814 1.614 0.998 104.9
1 2.0 8.958 0.300 2.00 3.850 1.862 0.998 107.2 4.10 0.653 6.320 0.415 3.804 1.836 0.998 88.1
1 2.5 8.688 0.509 2.50 3.840 2.168 0.998 82.0 4.82 0.756 5.660 0.700 3.792 2.132 0.998 64.6
1 3.0 8.495 0.821 3.00 3.830 2.433 0.998 51.2 6.65 0.880 5.150 1.127 3.781 2.393 0.998 41.3
2∗ 3.0 8.545 2.050 2.98 3.769 2.654 0.532 17.6 15.4 1.11 7.208 3.057 3.756 2.800 0.200 17.5
1 4.0 8.195 1.522 4.00 3.815 2.797 0.998 46.2 10.5 1.07 4.553 2.051 3.769 2.756 0.997 36.7
2 4.0 8.200 2.590 4.00 3.760 2.847 0.967 53.8 15.8 1.18 5.688 1.826 3.810 2.882 0.960 66.9
3 4.0 8.263 4.576 3.97 3.790 3.266 0.0150 37.9 15.8 1.18 5.130 8.021 3.722 3.247 0.006 24.5
1 5.0 8.049 8.647 5.00 3.777 3.612 0.002 22.7 16.7 1.21 4.260 15.26 3.709 3.575 0.000 13.6
1∗ 7.0 7.759 21.04 6.99 3.761 4.093 0.000 13.5 33.5 1.42 4.260 21.84 3.761 4.114 0.000 14.5
2 7.0 7.760 20.62 6.99 3.763 4.093 0.000 14.5 34.1 1.42 4.260 38.83 3.679 4.029 0.000 7.5
1 9.0 7.577 37.59 8.97 3.755 4.434 0.000 8.2 53.6 1.58 4.156 97.40 3.649 4.465 0.000 4.1
1 12.0 7.351 79.21 11.84 3.741 4.821 0.003 7.7 55.7 1.59 3.799 196.0 3.627 4.751 0.000 3.9
1 15.0 7.213 125.3 14.61 3.735 5.066 0.075 6.0 48.1 1.70 4.103 329.3 3.628 5.039 0.066 3.
∗ Model returns to same side of IS before crossing next expected boundary.
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Table A.4. Parameters of first overtone pulsation for models entering and exiting IS for Z = 0.014
Entering stage Exiting stage
Xing Mini log t P M logTeff log L Yc Ve N/C N/O log ∆t P logTeff log L Yc Ve
[M] [yr] [d] [M] [K] [L] [km/s] num num [yr] [d] [K] [L] [km/s]
ωini = 0.0
1 2.0 9.010 0.104 2.00 3.880 1.491 0.986 0. 0.247 0.132 7.211 0.142 3.835 1.488 0.986 0.
1 2.5 8.742 0.198 2.50 3.867 1.870 0.986 0. 0.247 0.132 6.185 0.257 3.820 1.830 0.986 0.
1 3.0 8.518 0.322 3.00 3.852 2.140 0.986 0. 0.247 0.132 5.573 0.407 3.807 2.089 0.986 0.
1 4.0 8.193 0.652 4.00 3.836 2.563 0.986 0. 0.247 0.132 4.885 0.833 3.788 2.505 0.986 0.
1 5.0 7.955 1.135 5.00 3.821 2.882 0.986 0. 0.247 0.132 4.458 1.530 3.767 2.822 0.986 0.
2 5.0 8.010 2.780 4.97 3.746 3.058 0.335 0. 1.27 0.442 5.956 1.771 3.818 3.115 0.305 0.
3 5.0 8.024 1.951 4.97 3.810 3.133 0.196 0. 1.27 0.442 6.349 3.179 3.743 3.113 0.998 0.
1 7.0 7.628 2.739 7.00 3.800 3.386 0.986 0. 0.247 0.132 3.821 3.938 3.741 3.334 0.986 0.
2 7.0 7.634 7.757 6.93 3.721 3.596 0.307 0. 1.30 0.453 5.038 4.741 3.788 3.619 0.283 0.
3 7.0 7.697 5.492 6.91 3.781 3.666 0.021 0. 1.30 0.453 4.639 8.577 3.718 3.634 0.013 0.
1 9.0 7.426 5.539 8.99 3.783 3.766 0.986 0. 0.247 0.132 3.443 8.858 3.709 3.704 0.986 0.
2 9.0 7.465 19.41 8.81 3.685 4.005 0.232 0. 1.38 0.482 3.998 10.99 3.762 4.024 0.229 0.
3 9.0 7.479 8.563 8.80 3.788 4.006 0.002 0. 1.38 0.482 3.923 14.00 3.716 3.957 0.000 0.
1 12.0 7.192 12.23 11.94 3.762 4.183 0.984 0. 0.247 0.132 3.076 20.47 3.680 4.110 0.984 0.
1 15.0 7.066 50.80 14.63 3.692 4.723 0.634 0. 0.247 0.132 3.976 83.19 3.618 4.698 0.625 0.
ωini = 0.5
1 2.0 9.106 0.116 2.00 3.877 1.556 0.986 180.0 0.287 0.148 7.308 0.182 3.823 1.593 0.986 80.8
1 2.5 8.833 0.261 2.50 3.856 1.994 0.986 69.5 0.300 0.153 6.226 0.351 3.807 1.965 0.986 56.1
1 3.0 8.613 0.405 3.00 3.854 2.291 0.986 55.8 0.319 0.161 5.714 0.575 3.794 2.242 0.986 42.9
1 4.0 8.283 0.887 4.00 3.828 2.712 0.986 37.2 0.364 0.179 4.976 1.265 3.767 2.652 0.986 28.2
1 5.0 8.046 1.562 5.00 3.815 3.039 0.986 28.0 0.435 0.206 4.531 2.369 3.746 2.976 0.986 20.2
2* 5.0 8.086 3.914 4.97 3.730 3.171 0.362 23.5 2.92 0.765 6.609 4.150 3.742 3.249 0.139 18.0
3* 5.0 8.100 4.461 4.96 3.738 3.271 0.228 16.9 2.92 0.765 5.901 4.461 3.718 3.253 0.121 11.4
1 7.0 7.715 3.895 7.00 3.792 3.539 0.986 16.8 0.626 0.271 3.879 6.303 3.718 3.481 0.986 11.7
2 7.0 7.748 10.85 6.92 3.706 3.712 0.392 29.0 3.46 0.825 4.750 5.970 3.784 3.732 0.382 44.3
3 7.0 7.765 7.057 6.89 3.784 3.811 0.041 30.9 3.46 0.825 4.948 13.76 3.694 3.782 0.026 17.7
1 9.0 7.503 8.407 8.99 3.767 3.915 0.986 12.6 0.892 0.349 3.430 13.75 3.690 3.853 0.986 8.3
1 12.0 7.273 22.64 11.90 3.739 4.409 0.982 14.9 1.33 0.480 3.310 43.02 3.641 4.357 0.981 8.1
ωini = 0.9
1 2.0 9.136 0.148 2.00 3.848 1.608 0.986 154.5 0.665 0.268 7.133 0.195 3.816 1.616 0.986 120.8
1 2.5 8.875 0.287 2.50 3.848 2.054 0.986 132.9 0.700 0.283 6.326 0.430 3.790 2.020 0.986 94.6
1 3.0 8.635 0.419 3.00 3.846 2.295 0.986 104.8 0.836 0.322 5.728 0.601 3.785 2.239 0.986 78.8
1 4.0 8.302 0.848 4.00 3.826 2.690 0.986 72.3 1.15 0.399 4.967 1.187 3.766 2.622 0.986 55.1
1 5.0 8.062 1.379 5.00 3.818 2.989 0.986 55.6 1.83 0.488 4.471 1.913 3.760 2.924 0.986 43.3
2* 5.0 8.117 3.835 4.97 3.731 3.166 0.253 35.2 6.21 0.939 6.470 4.216 3.731 3.213 0.103 18.3
3* 5.0 8.127 4.650 4.96 3.729 3.254 0.268 17.8 6.21 0.939 6.007 4.434 3.730 3.233 0.134 23.3
1 7.0 7.727 3.102 7.00 3.797 3.446 0.986 36.6 3.01 0.659 3.925 5.063 3.716 3.363 0.986 24.7
2 7.0 7.761 8.959 6.95 3.710 3.638 0.488 46.1 9.57 1.03 4.963 5.076 3.784 3.664 0.475 71.6
3 7.0 7.787 6.373 6.91 3.787 3.777 0.063 40.8 9.57 1.03 5.128 12.87 3.692 3.741 0.038 22.0
1 9.0 7.515 7.043 8.99 3.781 3.884 0.982 22.9 4.81 0.796 3.788 12.90 3.694 3.837 0.981 14.1
1 12.0 7.312 36.36 11.76 3.713 4.560 0.508 14.7 7.39 0.948 4.370 65.83 3.627 4.536 0.496 5.0
∗ Model returns to same side of IS before crossing next expected boundary.
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Table A.5. Parameters of first overtone pulsation models entering and exiting IS for Z = 0.006
Entering stage Exiting stage
Xing Mini log t P M logTeff log L Yc Ve N/C N/O log ∆t P logTeff log L Yc Ve
[M] [yr] [d] [M] [K] [L] [km/s] num num [yr] [d] [K] [L] [km/s]
ωini = 0.0
1 1.7 9.123 0.0867 1.70 3.886 1.368 0.994 0. 0.247 0.132 7.273 0.121 3.838 1.364 0.994 0.
1 2.0 8.922 0.139 2.00 3.874 1.639 0.994 0. 0.247 0.132 6.505 0.184 3.828 1.611 0.994 0.
1 2.5 8.658 0.238 2.50 3.868 1.983 0.994 0. 0.247 0.132 5.871 0.324 3.812 1.933 0.994 0.
1 3.0 8.454 0.385 3.00 3.852 2.248 0.994 0. 0.247 0.132 5.354 0.509 3.801 2.196 0.994 0.
1 4.0 8.150 0.772 4.00 3.837 2.667 0.994 0. 0.247 0.132 4.763 1.064 3.780 2.610 0.994 0.
2* 4.0 8.230 2.159 3.97 3.763 2.916 0.205 0. 1.24 0.411 6.065 2.260 3.754 2.905 0.106 0.
1 5.0 7.929 1.344 5.00 3.824 2.992 0.994 0. 0.247 0.132 4.386 2.008 3.758 2.933 0.994 0.
1 7.0 7.624 3.383 7.00 3.799 3.494 0.994 0. 0.247 0.132 3.722 5.029 3.739 3.450 0.994 0.
2 7.0 7.667 10.76 6.92 3.712 3.728 0.337 0. 1.18 0.394 4.958 6.127 3.785 3.740 0.314 0.
3 7.0 7.679 6.395 6.90 3.785 3.764 0.096 0. 1.18 0.394 5.222 11.13 3.711 3.743 0.064 0.
1 9.0 7.421 6.795 8.99 3.780 3.860 0.994 0. 0.247 0.132 3.326 10.46 3.714 3.809 0.993 0.
1 12.0 7.191 18.74 11.95 3.749 4.352 0.987 0. 0.247 0.132 3.223 28.47 3.690 4.329 0.986 0.
ωini = 0.5
1 1.7 9.215 0.100 1.70 3.880 1.445 0.994 106.1 0.349 0.171 7.489 0.153 3.827 1.466 0.994 81.2
1 2.0 9.016 0.174 2.00 3.868 1.753 0.994 80.9 0.384 0.185 6.782 0.244 3.818 1.736 0.994 64.4
1 2.5 8.746 0.310 2.50 3.859 2.108 0.994 58.3 0.411 0.196 5.886 0.442 3.801 2.069 0.994 45.1
1 3.0 8.537 0.496 3.00 3.848 2.382 0.994 45.3 0.463 0.216 5.418 0.707 3.789 2.335 0.994 34.8
1 4.0 8.229 0.952 4.00 3.840 2.802 0.994 33.1 0.589 0.260 4.850 1.459 3.770 2.744 0.994 24.0
2* 4.0 8.293 3.307 3.96 3.746 3.068 0.242 17.8 3.31 0.796 5.746 3.218 3.746 3.055 0.178 16.8
1 5.0 8.005 1.728 5.00 3.821 3.122 0.994 24.6 0.773 0.319 4.409 2.756 3.749 3.065 0.994 17.1
2* 5.0 8.059 5.824 4.94 3.736 3.397 0.201 12.6 3.64 0.833 5.707 6.468 3.722 3.395 0.133 10.4
3* 5.0 8.062 6.911 4.94 3.725 3.439 0.216 10.6 3.64 0.833 5.803 6.894 3.720 3.419 0.108 9.0
1 7.0 7.696 4.625 7.00 3.788 3.614 0.994 14.0 1.17 0.423 3.742 7.277 3.720 3.566 0.994 9.5
2 7.0 7.723 11.79 6.93 3.719 3.809 0.511 28.8 4.49 0.908 4.354 7.877 3.770 3.817 0.506 39.4
3 7.0 7.744 9.281 6.89 3.775 3.914 0.028 23.3 4.49 0.908 4.577 15.34 3.708 3.897 0.020 14.8
1 9.0 7.495 9.585 8.99 3.768 3.991 0.992 10.4 1.65 0.521 3.302 14.47 3.709 3.957 0.991 7.2
2 9.0 7.520 32.25 8.76 3.662 4.198 0.450 16.2 5.28 0.973 3.911 15.47 3.760 4.216 0.447 48.8
3 9.0 7.536 18.95 8.73 3.746 4.245 0.041 20.6 5.28 0.973 4.206 29.40 3.684 4.229 0.036 11.2
ωini = 0.9
1 1.7 9.235 0.0997 1.70 3.872 1.448 0.994 198.7 1.16 0.365 7.536 0.158 3.817 1.473 0.994 145.0
1 2.0 9.036 0.165 2.00 3.868 1.755 0.994 155.0 1.37 0.411 6.754 0.248 3.808 1.732 0.994 117.3
1 2.5 8.764 0.296 2.50 3.858 2.100 0.994 115.9 1.47 0.448 5.964 0.436 3.795 2.050 0.994 85.6
1 3.0 8.555 0.470 3.00 3.846 2.360 0.994 89.4 1.74 0.503 5.467 0.664 3.787 2.303 0.994 67.9
1 4.0 8.243 0.886 4.00 3.832 2.738 0.994 64.0 2.67 0.632 4.764 1.217 3.777 2.679 0.994 49.9
2* 4.0 8.300 2.458 3.98 3.752 2.943 0.363 10.5 8.85 1.02 6.812 2.939 3.749 3.021 0.162 13.5
1 5.0 8.017 1.463 5.00 3.821 3.033 0.994 49.3 4.10 0.764 4.399 2.181 3.754 2.967 0.994 36.1
2 5.0 8.040 3.339 4.99 3.744 3.149 0.779 40.3 11.0 1.07 6.081 2.080 3.818 3.213 0.718 53.4
3 5.0 8.083 3.746 4.96 3.798 3.431 0.099 27.3 11.0 1.07 5.659 6.794 3.721 3.418 0.045 15.9
1* 7.0 7.708 4.514 7.00 3.787 3.598 0.986 25.3 8.07 0.967 4.928 4.699 3.789 3.627 0.979 22.1
2 7.0 7.767 11.18 6.94 3.769 3.987 0.026 5.0 8.86 0.994 4.636 20.77 3.681 3.963 0.016 6.5
1 9.0 7.565 22.26 8.94 3.746 4.347 0.014 7.6 14.6 1.13 4.127 41.49 3.658 4.324 0.010 6.7
∗ Model returns to same side of IS before crossing next expected boundary.
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Table A.6. Parameters of first overtone pulsation models entering and exiting IS for Z = 0.002
Entering stage Exiting stage
Xing Mini log t P M logTeff log L Yc Ve N/C N/O log ∆t P logTeff log L Yc Ve
[M] [yr] [d] [M] [K] [L] [km/s] num num [yr] [d] [K] [L] [km/s]
ωini = 0.0
1 1.7 9.048 0.114 1.70 3.885 1.521 0.998 0. 0.247 0.132 6.742 0.161 3.831 1.500 0.998 0.
1 2.0 8.844 0.174 2.00 3.873 1.763 0.998 0. 0.247 0.132 6.155 0.239 3.821 1.731 0.998 0.
1 2.5 8.589 0.302 2.50 3.861 2.095 0.998 0. 0.247 0.132 5.571 0.420 3.805 2.051 0.998 0.
1 3.0 8.395 0.467 3.00 3.853 2.363 0.998 0. 0.247 0.132 5.202 0.674 3.791 2.312 0.998 0.
2 3.0 8.460 1.209 2.98 3.774 2.564 0.451 0. 1.22 0.371 7.298 0.884 3.845 2.689 0.225 0.
3 3.0 8.490 0.906 2.98 3.841 2.686 0.191 0. 1.22 0.371 6.447 1.537 3.770 2.674 0.058 0.
1 4.0 8.106 0.894 4.00 3.846 2.789 0.998 0. 0.247 0.132 4.707 1.414 3.772 2.733 0.998 0.
2 4.0 8.147 2.357 3.98 3.760 2.954 0.586 0. 0.990 0.326 6.246 1.517 3.826 2.996 0.497 0.
3 4.0 8.187 1.941 3.97 3.820 3.105 0.021 0. 0.990 0.326 5.253 3.192 3.753 3.081 0.009 0.
1 5.0 7.898 1.682 5.00 3.823 3.110 0.998 0. 0.247 0.132 4.229 2.555 3.759 3.069 0.998 0.
2 5.0 7.926 4.046 4.98 3.751 3.273 0.733 0. 0.861 0.303 5.738 2.575 3.813 3.301 0.680 0.
3 5.0 7.968 3.428 4.96 3.805 3.415 0.005 0. 0.861 0.303 4.495 5.391 3.742 3.386 0.002 0.
1 7.0 7.609 4.279 7.00 3.795 3.604 0.997 0. 0.247 0.132 3.610 6.367 3.738 3.570 0.997 0.
2 7.0 7.627 11.35 6.97 3.714 3.777 0.769 0. 0.920 0.314 4.266 7.035 3.777 3.789 0.765 0.
3 7.0 7.665 8.313 6.94 3.769 3.837 0.000 0. 0.920 0.314 3.675 12.03 3.709 3.794 0.000 0.
1 9.0 7.413 9.126 8.99 3.769 3.974 0.995 0. 0.247 0.132 3.327 13.85 3.708 3.940 0.994 0.
2 9.0 7.426 19.49 8.90 3.718 4.156 0.766 0. 1.05 0.335 3.532 13.85 3.763 4.162 0.765 0.
3 9.0 7.461 16.97 8.89 3.740 4.169 0.000 0. 1.05 0.335 3.426 23.64 3.694 4.166 0.000 0.
ωini = 0.5
1 1.7 9.138 0.140 1.70 3.877 1.622 0.998 79.3 0.607 0.251 6.834 0.205 3.822 1.611 0.998 63.1
1 2.0 8.934 0.217 2.00 3.868 1.881 0.998 64.0 0.702 0.284 6.289 0.316 3.811 1.857 0.998 49.6
1 2.5 8.671 0.355 2.50 3.867 2.219 0.998 47.8 0.807 0.320 5.700 0.557 3.796 2.177 0.998 34.9
1 3.0 8.473 0.594 3.00 3.847 2.481 0.998 36.5 0.992 0.378 5.224 0.907 3.780 2.436 0.998 26.7
2* 3.0 8.534 1.876 2.97 3.766 2.762 0.285 12.1 4.17 0.853 6.750 2.113 3.763 2.812 0.132 5.45
3* 3.0 8.543 2.248 2.97 3.762 2.837 0.151 5.0 4.17 0.853 5.581 2.190 3.762 2.827 0.125 5.04
4* 3.0 8.545 2.384 2.96 3.763 2.876 0.220 26.9 4.17 0.853 5.907 2.295 3.761 2.850 0.148 26.9
1 4.0 8.181 1.200 4.00 3.831 2.892 0.998 25.5 1.30 0.451 4.605 1.791 3.770 2.852 0.998 18.9
2 4.0 8.208 2.841 3.98 3.757 3.043 0.708 13.1 3.90 0.832 6.392 1.859 3.824 3.102 0.591 12.5
3 4.0 8.242 2.915 3.96 3.812 3.289 0.085 4.5 3.90 0.832 5.602 5.104 3.744 3.288 0.046 6.2
1 5.0 7.970 2.098 5.00 3.818 3.215 0.998 19.7 1.72 0.542 4.238 3.296 3.752 3.175 0.997 13.8
2 5.0 7.983 4.889 4.99 3.739 3.326 0.879 13.8 4.15 0.863 5.759 2.922 3.811 3.362 0.839 15.5
3 5.0 8.027 6.372 4.95 3.778 3.625 0.016 3.6 4.15 0.863 4.608 8.725 3.737 3.619 0.011 3.8
1 7.0 7.677 6.301 7.00 3.778 3.735 0.994 9.7 2.60 0.676 3.754 9.003 3.730 3.721 0.993 7.1
2 7.0 7.682 11.77 6.99 3.723 3.833 0.934 21.5 5.49 0.961 4.014 7.899 3.775 3.843 0.933 30.6
3 7.0 7.723 10.75 6.94 3.777 4.013 0.000 23.2 5.49 0.961 3.972 16.05 3.720 3.984 0.000 15.2
1 9.0 7.524 20.49 8.97 3.752 4.338 0.000 5.1 3.52 0.780 3.575 33.93 3.685 4.321 0.000 4.3
1 12.0 7.302 36.48 11.89 3.747 4.725 0.002 4.9 4.06 0.849 3.660 69.58 3.653 4.684 0.000 2.6
1 15.0 7.166 49.30 14.75 3.745 4.948 0.000 4.1 4.23 0.893 4.105 141.4 3.616 4.943 0.000 1.5
ωini = 0.9
1 1.7 9.197 0.137 1.70 3.877 1.632 0.998 141.6 5.59 0.659 7.004 0.209 3.817 1.616 0.998 106.1
1 2.0 8.958 0.205 2.00 3.868 1.869 0.998 116.6 4.04 0.651 6.477 0.305 3.809 1.839 0.998 90.3
1 2.5 8.688 0.348 2.50 3.857 2.179 0.998 88.6 4.81 0.756 5.785 0.510 3.796 2.135 0.998 66.6
1 3.0 8.495 0.548 3.00 3.849 2.447 0.998 55.1 6.65 0.880 5.281 0.803 3.787 2.399 0.998 42.5
2* 3.0 8.547 1.485 2.98 3.772 2.666 0.499 17.3 15.4 1.11 7.136 2.021 3.764 2.793 0.235 20.2
1 4.0 8.195 0.996 4.00 3.835 2.812 0.998 50.4 10.5 1.07 4.714 1.477 3.772 2.759 0.997 37.3
2 4.0 8.200 1.825 4.00 3.765 2.851 0.967 55.4 15.8 1.18 5.909 1.183 3.831 2.898 0.955 71.9
3 4.0 8.263 2.801 3.97 3.811 3.270 0.020 41.2 15.8 1.18 5.217 4.696 3.745 3.257 0.008 30.5
1 5.0 8.049 5.964 5.00 3.782 3.613 0.002 23.4 16.7 1.21 4.216 9.285 3.720 3.586 0.000 15.2
1* 7.0 7.759 14.38 6.99 3.760 4.094 0.000 13.4 33.5 1.42 4.251 14.78 3.760 4.114 0.000 14.4
2 7.0 7.760 13.98 6.99 3.762 4.093 0.000 14.5 34.1 1.42 4.172 22.48 3.692 4.051 0.000 8.3
1 9.0 7.577 22.23 8.97 3.764 4.438 0.000 8.8 53.6 1.58 4.082 56.12 3.658 4.473 0.000 4.2
1 12.0 7.351 44.15 11.84 3.744 4.822 0.003 7.9 55.7 1.59 3.720 91.55 3.638 4.766 0.000 4.4
∗ Model returns to same side of IS before crossing next expected boundary.
